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Abstract

We considerhere the problemof image classi�cation whenmore
thanonevisualfeature are available. In thesecases,Bayesfusion
offers an attractivesolutionby combiningthe resultsof different
classi�ers(oneclassi�er per feature). Thisis a general formof the
so-called“naive Bayes”approach. Analyzingtheperformanceof
Bayesfusionwith respectto a Bayesianclassi�er over the joint
featuredistribution,however, is tricky. Ontheonehand,it is well-
knownthat the latter has lower bias than the former, unlessthe
featuresare conditionallyindependent,in which casethe two co-
incide. Ontheotherhand,asnotedbyFriedman,thelow variance
associatedwith naiveBayesestimationmaydramaticallymitigate
theeffectof its bias. In this paper, weattemptto assessthetrade-
off betweenthesetwo factors by meansof experimentaltestson
two image datasetsusingcolor andtexture features. Our results
suggest that (1) the differencebetweenthe correct classi�cation
ratesusingBayesfusionandusingthejoint feature distribution is
a functionof theconditionaldependenceof thefeatures(measured
in termsof mutualinformation),however: (2) for small training
datasize, Bayesfusionperformsalmostaswell astheclassi�er on
thejoint distribution.

1. Intr oduction
Classifyinga sceneinto a numberof known objectsor sur-
facematerialsis oneof the most importanttasksin com-
puter vision. We considerherepixel–level classi�cation:
a setof local features(suchascolor, texture, velocity) are
availablefor eachpixel. Ourwork dealswith thestatistical
fusionof suchfeatures,to obtaina classi�cation which is
hopefullymorereliablethanby usingjustonefeature.

In principle, onemay simply createa super–featureas
the juxtapositionof all theavailablefeaturevectors.How-
ever, in many practicalcasesonemaypreferto analyzethe
differentfeaturesseparately, andlater fusetogetherthe re-
sultsof theclassi�cations.Onemotivation for this second
approachis that it allows oneto usedifferentclassi�cation
strategy for differentfeatures.Eachclassi�er maybeopti-
mizedfor thecharacteristicsof thefeatureit operateson.

Combiningclassi�ers is the object of intenseresearch
in themachinelearningandin thesensorfusioncommuni-

ties. In this articlewe considera very simplecombination
rule: the multiplicative rule on the posteriorprobabilities
(or Bayesfusion). Whenthe differentfeaturesaresingle–
dimensional,Bayesfusion of classi�ers is usually called
naiveBayesclassi�cation. It is well–known thattheBayes
fusionof classi�ers(ornaiveBayesclassi�cation)coincides
with Bayesianclassi�cation over the “composite” feature
only if theindividualfeaturesareconditionallyindependent
for any givenclass.

In this work we studythe performanceof Bayesfusion
for a caseof interestin computervision: theclassi�cation
of imagepixelsbasedon color andtexture features.Color
and texture give us different (and somewhat complemen-
tary) piecesof information about the characteristicsof a
surface.Thecombinationof color andtextureis oftenused
for imageretrievalandremotesensing,andhaspotentialfor
applicationin other�elds suchasroboticsandbiometrics.

Ourwork wasoriginatedby thequestionof how well (or
badly) Bayesfusionof classi�erscompareswith Bayesian
classi�cation over the compositefeature. As noted by
Friedman[1], the bias associatedwith the conditionalin-
dependenceapproximationmay actually be offset by the
low varianceof estimation.In addition,we wereinterested
in actuallymeasuringtheconditionaldependencebetween
features,andstudyingits in�uence on theclassi�cationer-
ror rate of Bayesfusion. The resultsof our experiments
over two differentimagedatasetssuggestthat(1) thecon-
ditional dependence(asmeasuredby the mutual informa-
tion betweenfeatures)may have a role in theoverall error
rate,andthat(2) whenthesizeof thetrainingdatais small,
Bayesfusionperformsalmostaswell asBayesianclassi�-
cationover thecompositefeatures.

This paperis organizedas follows. Section2 covers
thetheoryof Bayesfusion,highlightingtherelationshipbe-
tweencorrelationanderror ratein a simpleGaussiancase,
anddiscussingissuesrelatedto thebias/variancedilemma.
Section3 describesour experimentalset up and results.
Section4 hastheconclusions.
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1.1. PreviousWork
ThenaiveBayesclassi�erhasbeenstudiedin patternrecog-
nition, machinelearning,sensorfusionandinformationre-
trieval for several decades.As notedby Lewis [5], there
have beenmostly two researchdirectionsin the �eld of
naive Bayesin both machinelearningandinformationre-
trieval.

The �rst directionattemptsto modify the featuresetso
that the resultingfeaturesare as independentas possible.
Typicalwork includes[4], whichusesagreedyalgorithmto
selecta subsetof featuresthat areonly weakly correlated.
N. Friedman[6] proposedanalgorithmsthatallowsadding
edgesto a Bayesnetwork to approximatethe correlation
betweenfeatures.

Thesecondresearchdirectionfocusesonexplainingwhy
Naive Bayesclassi�ers work well even when the condi-
tional independentassumptiondoesn't hold [7, 1, 8]. In
particular, J.FriedmanstudiesnaiveBayesclassi�ersin the
context of thebias/variancedilemma[9].

Bayesfusionof classi�ersin thecontext of computervi-
sionhasbeenstudiedby Kittler [10, 11], whoexperimented
with handwrittencharacterrecognition. Kittler showed,
both theoreticallyand empirically, that the multiplicative
rule of Bayesfusion is lesssensitive to estimationerrors
thanotherrules.

Finally, notethat naive BayesandBayesfusion system
areinstancesof Multiple Classi�erSystems,whichhavere-
ceived a good deal of attentionrecently(seefor example
[12]).

2. BayesFusion - Theory
This sectioncoverssomeimportanttheoreticalaspectsof
Bayesfusion. In Section2.1 we assumethat the statis-
tical quantitiesof interest(densityfunctionsandposterior
distributions)areknown, andstudytheperformanceof the
Bayesfusionalgorithmin suchanidealcase.In Section2.2
we will considerthemorerealisticcaseof estimationfrom
�nite–size samples,andlook at Bayesfusionin thecontext
of thebias/variancedilemma.

Throughoutthiswork, f will indicateagenericfeatureto
beclassi�ed. We will assumethata featureis generatedby
oneclassin apre–determinedsetof classes.Theprobability
densityfunctionof f is indicatedby p(f ), while p(f jy) =
p(f ; y)=P(y) is the conditional likelihood of f given the
classy (P(y) being the prior probability of classy), and
P(yjf ) = p(f ; y)=p(f ) is theposteriorprobabilityof class
y giventhatthefeaturef wasobserved.

2.1. Conditional IndependenceandErr or Rate
The error rate of a classi�er over two classesy = 0 and
y = 1 is

P(E) =
Z

f 2I 0

p(f ; 1) df +
Z

f 2I 1

p(f ; 0) df (1)

whereI 0 andits complement,I 1 aretheassignmentregions
(i.e., featuref is assignedto class0 if f 2 I 0, to class1
otherwise).TheBayesianclassi�er de�nesregion I 0 by

I 0 = f f : p(f ; 0) > p(f ; 1)g (2)

If f = (f 1; f 2), theBayesfusionof classi�ersusesthefol-
lowing assignmentrule:

Î 0 = f f : p1(f 1; 0)p2(f 2; 0) > p1(f 1; 1)p2(f 2; 1)g (3)

where p1(f 1; y) is the marginal density
R1

�1 p(f ; y)df 2.
Notethat(3) correspondsto assigningfeaturef to classy=0
if P1(0jf 1)P2(0jf 2) > P1(1jf 1)P2(1jf 2). If f 1 andf 2 are
single–dimensional,then Bayesfusion coincideswith the
naive Bayesclassi�er. For the sake of simplicity, we will
assumethatthis is thecasethroughoutthis section.

It is well known that if thedensitiesp(f ; 0) andp(f ; 1)
areseparable,i.e. if p(f ; y) = p1(f 1; y)p2(f 2; y), thenthe
naive Bayesclassi�er coincideswith the regular Bayesian
classi�er. This situationis calledof conditional indepen-
dence, becauseit meansthatthe1-D featuresf 1 andf 2 are
statisticallyindependentfor any givenclass.

The conditionalindependenceassumption,while not as
strongastotal independence,is probablyunrealisticin most
casesof interest. However, even when featuresare not
conditionallyindependent,naive Bayesclassi�cationdoes
not necessarilyyield catastrophicresults. Approximat-
ing p(f ; i ) with p1(f 1; i )p2(f 2; i ) leadsto choosingsub–
optimalassignmentregions. Thefeaturesf thatcontribute
to the increasedclassi�cationerror ratearethosein there-
gionsÎ 0 \ I 1 andÎ 1 \ I 0. Indeed,if PN B (E ) andPB (E )
arethe error ratesof the naive Bayesandof the Bayesian
classi�er respectively, their (non–negative)differenceis

� P(E) = PN B (E ) � PB (E ) (4)

=
Z

Î 0 \I 1

(p(f ; 1)� p(f ; 0)) df +
Z

Î 1 \I 0

(p(f ; 0)� p(f ; 1)) df

If the classpriors are identical, thenonecansimplify the
formulaaboveas

� P(E) =
Z

( Î 0 \I 1 ) [ ( Î 1 \I 0 )
j2P(1jf ) � 1j p(f ) df

Thus, the conditional independenceassumptionleads to
substantiallyhighererrorrateonly if thedensityp(f ) places
substantialmassin (Î 0 \ I 1) [ (Î 1 \ I 0) andtheposterior
probabilitiesarefar from 0.5in thoseregions.
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Intuitively, onemayexpectthat� P(E) shouldbehigher
whenf 1 andf 2 aretightly correlated.Findingageneralfor-
mularelating� P(E) to any particularmeasureof correla-
tion is probablyimpossible.However, for simplecasesone
canactually �nd analyticalsolutions. For example,in the
Appendixwe describethecaseof p(f ; 0) andp(f ; 1) being
Gaussiandistributionswith thesamecovariancebut differ-
entmeansandequalclasspriors.Onecanseethat,all other
conditionsbeingthesame,� P(E) is boundedfrom above
by an increasingfunction of the correlation� betweenf 1

andf 2. Thisagreesnicelywith our intuition; unfortunately,
it cannotbe generalizedin a simple way to even slightly
morecomplex cases.Still, this resultstrengthensour con-
jecturethat thereshouldbesomerelationshipbetweensta-
tisticaldependenceand� P(E).

An importantquestionis: What is a sensiblemetric for
the“conditionaldependence”?In thesimplecasediscussed
in the Appendix,second–orderstatisticsweresuf�cient to
boundtheerrorrate.This is not surprising,giventheGaus-
sianhypothesisof our casestudy. In more realisticcases
oneshouldtake into accounttwo main factors. First, the
class–conditionaldensitiesmay be (andusuallyare)non–
Gaussian,and possiblymulti–modal. Second,f 1 and f 2

mayhavedifferentdimensionality. For example,in our ex-
periments,f 1 is a three–dimensionalcolorvector, andf 2 is
aeight–dimensionaltexturevector.

Weproposeto useamoregeneralmeasureof conditional
independence,basedon themutualinformationbetweenf 1

andf 2. For a givenclassy, the(conditional)mutualinfor-
mationis

M I (y) = E
�
log

p(f jy)
p1(f 1jy)p2(f 2jy)

�
(5)

wheretheexpectationis computedovertheconditionalden-
sityp(f jy). Notethatthemutualinformationis well de�ned
alsowhenf 1 andf 2 arevectorswith differentdimension-
ality. It is well known that themutualinformationis non–
negative(beinga Kullback–Leiblerdistance)andthat

M I (y) = H1(y) + H2(y) � H (y) (6)

whereH1(y), H2(y) and H (y) are the class–conditional
differentialentropiesof p1(f 1jy), p2(f 2jy) andp(f jy) re-
spectively. Notethattheentropy of aN –dimensionalGaus-
siandensitywith covariance� is

H = 0:5(N + N log(2� ) + logdet �)

Thus,for thecaseconsideredin theAppendix,we mayre-
latethemutualinformationto thecorrelation� asfollows:

� (y) =
p

1 � exp(� 2 M I (y)) (7)

For non–Gaussianvariables,thequantity� (y) asde�ned in
(7) doesnot usuallycorrespondto thecorrelationbetween

f 1 andf 2. Still, wemayuseit asaconvenientwayto repre-
sentthemutualinformation(notethat0 � � � 1 while the
mutual information is not boundedfrom above). We will
call � (y) asin (7) thegeneralizedcorrelationbetweentwo
variables(or vectors)f 1 andf 2 given classy. In Section
3 westudytherelationshipbetweengeneralizedcorrelation
and� P(E) over two differentdatasets.

2.2. Bias and Variance
The previous sectionmadea very strongassumption,that
the conditionallikelihoods(whetherjoint or marginal) are
known. In practice,suchfunctionsareestimatedfrom a �-
nitesampleT, andtheestimatesarerandomvariablesthem-
selves.Suchrandomnessplaysanimportantrole in theper-
formancesof theclassi�er and,accordingto Friedman[1],
may explain why naive Bayesclassi�ers perform well in
spiteof their obviousbias.

A powerful characterizationof thesystemperformances
in thecaseof smallsamplesizeis thebias/variancedecom-
positionof themean–squaredestimationerror [9]. For ex-
ample,assumethat in our two–classcase,f is generated
by classy. We cande�ne the squaredestimationerror as
(y � PT (1jf ))2, wherethe suf�x T representsthe train-
ing samplesetusedfor estimatingthe posteriorprobabil-
ity. Averagingover repeatedlyrealizedtrainingsamplesT,
oneobtainsthefollowingwell–knowndecompositionof the
mean–squaredestimationerror[9]:

ET

h
(y � PT (1jf ))2

i
= E � [� jf ]+ (8)

+
�
P(1jf ) � �P(1jf )

� 2
+ ET

h�
PT (1jf ) � �P(1jf )

� 2
i

where �P(1jf ) = ET [PT (1jf )] and� = y � P(1jf ). The
�rst termof theright handsideof (8) is theirriducible pre-
diction error, due to the randomnessof the feature. The
secondtermis thesquareof thebias. “Simple” estimators
suchasnaive Bayesaretypically highly biased.The third
term is the varianceof the estimator, andre�ects the sen-
sitivity of theestimateto the trainingsampleT. A typical
exampleof high varianceis “over�tting”, which happens
when a system“memorizes”the training dataratherthan
“generalizing”from it.

While equation(8) is ratherintuitiveandgeneral,it does
not give us a clear answerin termsof classi�cation rate.
To this purpose,we shouldreplacethesquarecostfunction
with the0–1lossfunction.Severalauthorshavestudiedthe
bias/variancedilemmafor this case[13, 14, 1]. We refer
to thework of Friedman[1], which is particularlyintuitive,
andbrie�y summarizeits mainpointsin thefollowing.

Friedmanshowed that, for a given featuref , generated
by classy, andaveragingoverall traningsamplesT of same
size,theprobabilityof classi�cationerroris

P(E(f )) = P(y 6= ŷ(f )) = (9)
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= P(yB (f ) 6= y) + P(ŷ(f ) 6= yB (f )) j2P(1jf ) � 1j

whereyB (f ) is theBayesianclassi�cationusingthe“real”
posteriordistribution, and ŷ(f ) is the classi�cation based
on the limited training dataset. Equation(9) decomposes
the probability of misclassi�cation(for a given featuref )
into thesumof two parts:theirriducibleerrorrateusingan
“ideal” Bayesianclassi�er, anda functionof theboundary
error P(ŷ(f ) 6= yB (f )) . Theboundaryerror is theequiv-
alentof thesumof squaredbiasandvariancein (8). Fried-
manproposedthefollowing approximationto theboundary
error:

P(ŷ(f ) 6= yB (f )) � �

 
bb

p
(VarP(1jf ))

!

(10)

where�( x) is the Gaussiancumulative distribution func-
tion, VarP(1jf ) is the varianceof the estimator(corre-
spondingto the last factor of the right–handside of (8)),
andbbis theboundarybias:

bb(f ) = � sign(P(1jf ) � 0:5)( �P(1jf ) � 0:5) (11)

If �I 0 and its complement,�I 1, are the assignmentregions
inducedby theposteriordistribution �P(1jf ), thenoneeas-
ily seesthat the boundarybias bb(f ) is positive if f 2
(I 0 \ �I 1) [ (I 1 \ �I 0), negativeotherwise.In otherwords,
the sign of bb(f ) indicateswhethera classi�er basedon
�P(1jf ) (the posteriorprobability averagedover all train-
ing sets)givesthe sameanswerasthe Bayesianclassi�er,
which is basedonP(1jf ).

Equation(10) highlightstwo important(andsomewhat
counter–intuitiveat �rst) facts.First, thebias(asde�ned in
(8)) doesnot directly affect theerror rate. Indeed,theonly
dependenceon theposteriordistribution P(1jf ) is through
the sign of (P(1jf ) � 0:5). Second,for negative bound-
ary bias,theerror ratedecreaseswith decreasingvariance.
However, it theboundarybiasis positive, theerror ratein-
creaseswith decreasingvariance.

Thus,regardlessof the actualestimationbias,a classi-
�cation procedureis successfulif theboundarybiasis pre-
dominantlynegative,andthevarianceis smallenough.This
may explain why highly biasedestimators,suchas naive
Bayes,canperformsurprisinglywell in spiteof their high
bias.Indeed,Friedmanarguesthat“oversmoothing”proce-
dures(suchasnaiveBayes)havenormallynegativebound-
ary biases,and thereforethe estimationvarianceis likely
to dominatetheclassi�cationperformances.If thevariance
of thenaive Bayesestimatoris smallenough,onemayex-
pectthat its performancesbe closeto that of the Bayesian
classi�er. In thenext section,we verify this conjectureem-
pirically, by looking at theperformancesof bothclassi�ers
asa functionof thesizeof thetrainingsetsT .

3. Experiments
Our experimentshad two main purposes: (1) To study
thedependenceof � P(E) (that is, thedifferencebetween
the error rate of Bayesfusion of classi�ers and Bayesian
classi�cation)on themutualinformationbetweenfeatures,
and:(2) To comparethesensitivity of thetwo classi�cation
strategiesto thesizeof thetrainingdata.

Of course,a numberof practical decisionsneededto
be taken for such experiments, including choosing the
train/testdatasets,thevisual features,theclassi�cational-
gorithms,andthecriteriafor testing.All of theseissuesare
discussedin thefollowing.

3.1. ImageData Sets
We have selectedtwo differentimagedatasetsfor our ex-
periments.Theseimageswereextractedfrom thesetsused
in [15] for experimentson texture classi�cation. Selected
image areaswere hand–labeled,and the classi�ers were
trained/testedonly over thoseareas.

The �rst dataset,“Road”, contains18 imagescollected
by a roboticvehiclein outdoorenvironments.For this data
set we consideredthree classes,correspondingto, “soil”
(class1), “tall vegetation” (class2) , and “grass” (dry or
green– class3).

The seconddataset,“Rock”, contains11 imagestaken
at JPL's “Mars Yard”. Theseimagescontaina variety of
differentrocksandsoil types. In [15], six differentclasses
were identi�ed for this dataset. However, texture–based
classi�cationovertheseclassesperformedratherpoorly. In-
stead,we decidedto useonly two classes,“sand” (class1)
and“rock” (class2), for whichthecorrectclassi�cationrate
usingtextureis moreacceptable.

The original data,togetherwith the label �les, is avail-
ableat http://italia.cse.ucsc.edu/m̃anduchi/SACV03.

3.2. Visual Features
We consideredtwo visual features:color andtexture. This
choicewas very attractive for threemain reasons. First.
color and texture featuresare co–locatedat each pixel,
which makesthe fusionschemeprettystraightforwardand
allowsusto testonaverylargenumberof samples.Second,
color andtexture complementeachothernicely. The per-
ceivedcolor is a function of thesurfacere�ectivity andof
thespectrumof theilluminant; its brightnessis aa function
of the joint geometryof the illuminant andof the surface
(andof theobserver for non-Lambertiansurfaces).Texture
is pretty much independentof the spectrumof the illumi-
nant,but is heavily dependenton the joint geometryof the
surfaceandof the observer (and,to a lesserextent, of the
illuminant). Third, for the type of imageswe used,tex-
ture classi�cation performsmuchworsethancolor, andit

4



wasinterestingto seewhetherfusingthesetwo featuresto-
getherwould lead to a betteror worseclassi�cation than
usingcolor alone.

Wehaveusednon–normalized(r,g,b)colorfeatures.Our
experimentshave shown that, when enoughtraining data
is available,normalizedcolorstypically give worseperfor-
mancesthan non–normalizedones. For texture, we used
standardGaborfeatures[16]. Following [15], we �ltered
the imageswith a set of 8 (2 scalesand 4 orientations)
scaledand rotatedversionof a complex Gaborprototype
kernel. We thenextractedthemagnitudeof theoutputsfor
eachpixel,andsmoothedeachresultingimagewith aGaus-
siankernel,with standarddeviationproportionalto thestan-
darddeviation of theenvelopeof thecorrespondingGabor
kernel.This providesuswith a 8–dimensionalfeaturevec-
tor for eachpixel.

3.3. Classi�er Design
Bayesianclassi�cation was performedusing a Mixture–
of–Gaussian(MoG) modelfor theconditionallikelihoods.
MoGcolorclassi�cationhasbeenusedsuccessfullyin com-
puter vision [17]. Experimentalresultsdescribedin [15]
show that MoG texture classi�cation outperformsanother
popularapproachbasedon thedistanceof local histograms
for thesametypeof imagesusedin this work.

The MoG representationfor the conditionallikelihood
p(f jy) is

p(f jy) =
N (y)X

k=1

� k G(f ; � k ; � k ) (12)

whereG(f ; � k ; � k ) is a Gaussiandensitywith mean� k

andcovariance� k , and� k arepositive constantssuchthat
P N (y)

k=1 � k = 1. In this work, all the covariancematri-
cesareconstrainedto be diagonal. This choicewasmade
in order to reducethe overall numberof free parameters,
andthereforethevarianceof theestimate.Note that,even
thoughtheindividualdensitiesin themixtureareseparable,
the conditional likelihoodp(f jy) is not separablein gen-
eral. Let f = (f 1; f 2) be the compositefeature,where
f 1 is the 3–dimensionalcolor feature and f 2 is the 8–
dimensionaltexture feature. If thereareNc classes,then
thenumberof freeparametersin thecompositemodelp(f )
is 12

P N c
y=1 N (y) � Nc. For thecolor andtexturemodels,

thenumbersof freeparametersare4
P N c

y=1 N1(y) � Nc and

9
P N c

y=1 N2(y) � Nc respectively (whereN i (y) is thenum-
ber of modesusedto model p(f i jy)). ML parameteres-
timation from the training datawas carriedout using the
ExpectationMaximization algorithm. To reducethe risk
of hitting local minima, theprocedurewasinitialized with
valuesobtainedafter runningk–meansclustering20 times
on the samedata(startingfrom randomvalues). The k–
meansclusteringthatminimizesthemeandistancebetween

Road N (1) N (2) N (3)
Color 3 3 3

Texture 4 4 4
Composite 5 4 4

Rock N (1) N (2)
Color 2 3

Texture 3 3
Composite 3 3

Table1: Thenumberof modesfor theMoG models.

theclustercentersandthe featurevectorsin theclustersis
usedfor EM initialization.

One importantproblemis the choiceof the numberof
Gaussians(modes)to representeachconditionallikelihood.
Toofew modesleadto inaccuratemodeling,while toomany
modesmayover�t thetrainingdata.WeusedSmyth'salgo-
rithm for modelselection,which comparesfavorably with
otheralgorithmssuchasBIC andvCV [2]. This algorithm
is basedoncross-validation,randomlydividing thedataset
into two disjoint train andtestsubsets,and,for eachpossi-
ble valueof thenumberof clusters,usingthetrainingsub-
setto estimatetheparametersandusingsuchparametersto
computethe log likelihoodover the testsubset.This is re-
peatedseveral times(in our work around20 to 50 times).
Thenumberof modesis chosenby analyzingthelog likeli-
hood(averagedoverthenumberof iterations)for thediffer-
entmodeldimensions.In “ideal” situations(i.e., whenthe
datais actuallydistributedaccordingto a MoG model),the
“correct” numberof modesusuallystandsup asthemaxi-
mizerof theaveraglog–likelihood.However, in practice,it
is often thecasethata clearmaximumcannotbefound,at
leastfor a reasonablysmall rangeof possibledimensions.
Ratherthanlooking for maxima,we chosedimensionscor-
respondingto obvious changesin the log–likelihood(e.g.,
suchthat, if choosingonedimensionless,therewould be
a substantialdecreasein log–likelihood). Note that, as
notedby Smythhimself,theprocedureshouldnotbeimple-
mentedasa“blackbox”, but its resultsshouldbeinterpreted
by theuser. Theselectednumberof modesarereportedin
Table1.

The MoG modelalsoprovidesa simpleandconvenient
way to estimatethe mutual information. The differential
entropiesin (6) canbe computedby Monte Carlo integra-
tion usingtheexplicit form of p(f jy) in (12). In particular,
to computethemarginal entropiesH i (y), we marginalized
theconditionallikelihoodp(f jy), ratherthanusingthelike-
lihoodscomputedover thefeaturesindependently. Indeed,
if thedatais not distributedaccordingto our model,it may
well happenthat the densitiescomputedfor the individual
featuresdo not coincidewith the marginalsof the density
of the compositefeature. This may give problemswhen
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Figure1: The misclassi�cationrateP (E ) for all different ex-
perimentsover thedataset“Road”. Thegeneralizedcorrelations
for the threeclassesare: � (soil)=0.21; � (tall vegetation)=0.66;
� (grass)=0.46.

combiningtogetherentropiesin (6), suchasyieldinganeg-
ativevaluefor themutualinformation.Theseproblemsare
avoidedusingthemarginalsfrom thesamedensityp(f jy).

Note that we did not enforcespatial coherence:each
pixel is classi�ed independentlyof the other pixels (al-
thoughsomedegreeof spatialcorrelationis implicit in the
de�nition of texture feature). While spatialcoherenceis
a powerful prior, andusually leadsto betterclassi�cation
rates,wefelt thatit would introduceonemorelevel of com-
plexity in our analysis,andmake the resultsmoredif�cult
to interpret.

3.4. PerformanceMetrics
Our classi�ers were trainedand testedover eachdataset
separately. The probability of misclassi�cationP(E) was
estimatedbasedontheconfusionmatrixcomputedby com-
paring the classi�cation with the original hand–labeling.
Theconfusionmatrix at entry(i; j ) containsthenumberof
pixelshand–labeledasi andclassi�ed asj . In thecaseof
severaltests,we accumulated(summed)theconfusionma-
trices. To accountfor possiblydifferentnumberof pixels
acrosslabels,we normalizedeachrow of theresultingma-
trix so that it sumsto 1. Then,our estimatefor P(E) was
the meanof the entriesin the diagonalof the normalized
confusionmatrix.

In orderto evaluatethesensitivity of thetwo algorithms
(Bayesianclassi�cationandBayesfusion of classi�ers) to
the sizeof the training set,we considereddifferentexper-
iments. First, we trainedand testedthe systemover all
the available datawithin eachdataset (i.e., the datathat
was hand–labeled).This approach(sometimescalled the
re–substitutionestimate[3]) is known to be biased(opti-
mistic). Still, it givesuseful indicationsaboutthe system

Testimage Original labels

Color class.P(E)=0.26 Textureclass.P(E)=0.21

Compositeclass.P(E)=0.13 BayesfusionP(E)=0.14

Figure2: A classi�cationexamplefrom the“Road” dataset.The
systemwastrainedover 25%of theimagesin theset.This image
wasnotpartof thetrainingset.

performancein thebest–casescenario.We thenuseda K –
fold cross–validationstrategy [18]: for eachdatasetwith K
images,we trainedthesystemoverK -1 images,andtested
it on the remainingimage. This leadsto 18 testsfor the
“Road” dataset and 11 testsfor the “Rock” dataset. In
orderto testoverreducedtrainingdatasets,weusedavari-
ation of the bootstrappingmethod. We randomlyselected
(withoutreplacement)n% (with n = 25,50and75)training
imagesout of eachdataset,andusedthe remainingones
for testing.We thenrepeatedtheprocedure20 times,aver-
agingthe results. Note that we randomlyselectedimages
from the imagesetratherthanrandomlyselectpixelsfrom
the whole training set; this seemslike a morenaturalpro-
cedurein computervision, whereonetypically canaccess
a whole imageratherthan just isolatedpixels. However,
dueto thehighcorrelationamongneighboringfeatures,this
methodmayleadto somewhatpessimisticresults(thetrain-
ing samplesfor eachlabelcannotreallybeconsideredinde-
pendent).

The resultingvaluesfor P(E) for the two datasetsus-
ing color features,texturefeatures,compositecolor–texture
features,andBayesfusion, areshown in Figures1 and4.
Someclassi�cation examples(relative to one trial using
25% imagesin thedatasetfor training)areshown in Fig-
ures2, 3 and5. In these�gures, thecoloredareasrepresent
theportionof theimagesthathavebeenhand–labeled.
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Testimage Original labels

Color class.P(E)=0.23 Textureclass.P(E)=0.86

Compositeclass.P(E)=0.27 BayesfusionP(E)=0.38

Figure3: A classi�cation examplefroom the “Road” dataset.
The systemwastrainedover 25% of the imagesin the set. This
imagewasnotpartof thetrainingset.

4. Discussionand Conclusions

It is interestingto comparethe behavior of the error rate
P(E) in Figures1 and4. Theerrorrateis higherfor smaller
training sets,which is to be expectedgiven that smaller
trainingsetscorrespondto higherestimationvariance.It is
clear that color featuresare much more reliable than tex-
ture features(note that for the “Rock” data set, 40% or
moreof thepixelsgetmisclassi�edusingtexture).A reason
for this poor performanceis the relatively small numerof
scales/orientationsusedhere.In addition,thesereal–world
imagesoften prove very challengingfor textureclassi�ca-
tion. In spiteof suchpoorresultswhenusedalone,texture
may help improve the alreadygoodperformanceof color.
Notethatthis is trueonaverage,andnotnecessarilyonsin-
gle images.For example,Figures3 shows anextremecase
with texturemisclassifyingmostof theimage(P(E)=0.86),
in whichcasecombiningtexturewith color givesworsere-
sultsthanusingcoloralone.

Comparing the classi�cation using compositecolor–
texture featuresandusingBayesfusion,onenotesthat,as
expected,the former has lower error rate than the latter.
However, thedifference� P(E) betweenthetwo decreases
when smaller training setsare used(and in fact the two
strategies give the sameerror rate when the training data
is formedby 25%of theimagesin theimageset).This is a
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0.3

0.35

0.4

0.45

0.5

0.55

All11-fold75%50%25%

P
(E

)

Color class.

Texture class

Composite class.

Bayes fusion

Figure4: Themisclassi�cationrateP (E ) for all differentexper-
imentsover thedataset“Rock”. Thegeneralizedcorrelationsfor
thetwo classesare:� (sand)=0.06;� (rock)=0.15.

very interestingbehavior, andsuggeststhat,in spiteof their
large bias, naive Bayessystemmay generalizeaswell as
“real” Bayesianclassi�ersfor smalltrainingdatasize.Note
thatthenumberof freeparametersis comparablein thetwo
cases.

Finally, we can seethat, for larger training set sizes,
� P(E) � 0:05 for the “Road” set,while � P(E) � 0:03
for the “Rock” set. The valuesof the generalizedcorrela-
tion betweencolorandtexturefor eachclassare(0.21,0.66,
0.46) in the “Road” case,and (0.06, 0.15) in the “Rock”
case.Thus,at leastin our experiments,larger generalized
correlationsleadto higher� P(E), asconjecturedin Sec-
tion 2.1. Admittedly, moreexperimentsoverdiverseimage
setswould be necessaryto draw solid empirical evidence
supportingour conjecture.Still, we believe that thesere-
sultsareencouraging,andthey promptedus to pursuefur-
therongoingresearchin this direction.
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Appendix

Assumethatbothconditionallikelihoodsp(f j0) andp(f j1)
are Gaussianwith the samecovariance� but different
means.Furthermore,assumethattheprior probabilitiesfor
the classesare the same. It is well known [19] that the
classi�cation boundaryin this caseis a line, crossingthe
mid-point betweenthe two meanvectors,andthat PB (E )
is only a functionof theMahalanobisdistancebetweenthe
two meanvectors:
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PB (E ) = 1 � �
�

0:5
p

� � 0� � 1� �
�

(13)

where�( x) is the Gaussiancumulative distribution func-
tion: �( x) = (1=

p
2� )

Rx
�1 exp(� y2=2).

The naive Bayesclassi�er assumesthat the two condi-
tional likelihoodsareseparable,and that their conditional
likelihoods are the outer productsof the corresponding
marginal densities,which areGaussianswith diagonalco-
variance. The classi�cation boundaryis thus still a line,
but a differentline thanin thecaseof theBayesianclassi-
�er . It is possible,after sometediouscomputationnot re-
portedhere,to derivea form for theclassi�cationerrorrate
PN B (E ):

PN B (E ) = 1�
1

2�

Z 1

�1
e� f 1 2

2

Z 1

f 1 �
p

� � 0� � 1 � �
2 tan �

e� f 2 2
2 df 1 df 2

(14)
where

cos� =
p

1 � � 2
1 + 2� 12 � � 1 � � 2

det (�)� � 0� � 1 � �q
1 + 4� 12 � � 1 � � 2

det (�)� � 0� � 1 � �

where� � i is thei -th componentof � � , � 12 = Cov(f 1; f 2)
is theoff-diagonalelementof � , and� = � 12=� 1� 2 is the
correlationbetweenthetwo features.

While equation(14) mayseemsomewhatcomplex, one
can make it more tractableas follows. First, one easily
shows that j sin � j � � . Second,theupperboundsin � = �
is reachedonly when� � 1 = 0 or � � 2 = 0, that is, when
the two Gaussianshave meansaligned along one carte-
sian axis. This is the situation that maximizesPN B (E )
in (14), and thuscanbe usedto computean upperbound
for PN B (E ). Figure 7 shows the graphof the error rate
P(E) for theBayescase(blue lines),andtheupperbound
for theerrorratefor thenaive Bayesiancase(red lines),as
a function of the Mahalanobisdistance

p
� � 0� � 1� � as

well asof thecorrelation� . As expected,theerror ratefor
theBayesiancaseis independentof � .
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Figure7: Themisclassi�cationrateP (E ) of theBayesianclas-
si�er (blue) and of the naive Bayesclassi�er (red) for the case
consideredin theAppendix(seetext).
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