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Abstract

We present a novel matchpoint acquisition method capable
of producing accurate correspondences at subpixel preci-
sion. Given the known representation of the point to be
matched, such as a projected fiducial in a structured light
system, the method estimates the fiducial location and its
expected uncertainty. Improved matchpoint precision has
application in a number of calibration tasks, and uncer-
tainty estimates can be used to significantly improve overall
calibration results.

A simple parametric model captures the relationship be-
tween the known fiducial and its corresponding position,
shape, and intensity on the image plane. For each match-
point pair, these unknown model parameters are recovered
using maximum likelihood estimation to determine a sub-
pixel center for the fiducial. The uncertainty of the match-
point center is estimated by performing forward error anal-
ysis on the expected image noise. Uncertainty estimates
used in conjunction with the accurate matchpoints can im-
prove calibration accuracy for multi-view systems.

1. Introduction

Matchpoint estimation is a problem common to computer
vision systems that exploit multiview geometry. Given mul-
tiple views of a scene, a sufficient number of corresponding
image points can be used to recover canonical multi-view
representations (i.e. the Fundamental matrix, and higher-
order tensors). For multi-view systems, these geometric
representations are the basis for a number of important com-
puter vision tasks including structure and motion recon-
struction, novel view synthesis, and photogrammetric anal-
ysis.

Regardless of the representation that the multi-view ge-
ometry will take, the pairs of matching points in each view
must be computed. How this correspondence problem is
solved ultimately influences the accuracy and robustness of
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the estimated viewing geometry [23]. As a result, detect-
ing corresponding points in images is the focus of an active
research community. Approaches tend to be specific to the
domain under consideration and vary significantly.

This work addresses the correspondence problem in ac-
tive multi-view systems. Examples of these systems in-
clude structured light rigs [5, 7], multi-projector/camera
displays [15], and dual passive and active laser-range find-
ers [3]. In active systems, the difficulty of the correspon-
dence problem is somewhat lessened due to the controllable
nature of the light projectors involved [1]. However, accu-
rate detection of emitted points of known shape is still an
open problem.

We present a novel solution to this problem that produces
accurate estimates of subpixel correspondence that surpass
the accuracy of commonly used methods. A parametric
model that describes the mapping between a fiducial and its
corresponding position, shape, and intensity on the image
plane is estimated. For each projected and observed match-
point pair, these unknown parameters of the model are re-
covered using maximum likelihood estimation to determine
a subpixel center for the fiducial. In addition, an estimate of
the matchpoint uncertainty is produced.

Recent work has studied the statistical dependence of
matchpoint accuracy on the accuracy of the calibration re-
sult [23, 17]. In particular, there is ample evidence that in-
creasingly accurate matchpoints will result in an improved
calibration result and that an estimate of matchpoint uncer-
tainty can be taken into account during the calibration phase
to further improve the result.

1.1. Related Work

Automatic estimation of point feature location and their
corresponding positions in multi-view systems is a focus
of research in both the computer vision and photogram-
metric communities. In passive systems, interest opera-
tors [19] can produce potential matchpoints with known
structure (i.e. significant gradient) and have been extended
to produce subpixel estimates of point features in single
views [10]. Similar approaches have been developed for



accurate estimation of targets of known shape, and can take
into account whether its image will be affected by perspec-
tive distortion [18, 24]. Optical distortion can also be mod-
eled as a way to improve calibration accuracy [13].

Automatic matching of these point features, or patterns
of point features, involves the correlation of a particular im-
age region with that of a corresponding region in a second
view. The subpixel position of the matching point is typi-
cally given by the maximum of a function that has been fit
to the local correlation values. Studies related to the accu-
racy of image correlation under these conditions have been
conducted and are important in understanding how match-
point accuracy influences epipolar geometry estimation and
stereo reconstruction [23, 24, 12, 9]. Although this work
focuses on generation of accurate matchpoints in active sys-
tems, the results have implications to ongoing efforts related
to purely camera-based systems such as these.

Traditional active vision setups, such as structured-light
systems, are metrically calibrated by placing a physical tar-
get in the field of view of all devices to provide a set of
points whose world coordinates are precisely known [14, 7,
5]. More recent work has explored self-calibration meth-
ods that do not require point matches but these systems are
forced to make significant assumptions [11], or are only ca-
pable of recovering a restricted number of degrees of free-
dom [6].

Relative calibration of camera-projector pairs is usu-
ally performed by projecting a target of known shape,
(i.e. a Gaussian) that is subsequently detected in a sec-
ond view [14, 3, 2]. The subpixel center of the match-
point is recovered via least squares fitting to the observed
intensities and selecting the fit maximum as the matchpoint
center. Although this well-known method is capable of
accurate matchpoint generation, it does not take into ac-
count perspective distortion and other properties of the sys-
tem that influence matchpoint appearance. In contrast, the
method presented here models the local distortion for each
matchpoint candidate and consequently produces signifi-
cantly more accurate matchpoint positions. In addition, the
method produces an uncertainty estimate for each match-
point that can be taken into account to further increase cali-
bration accuracy [23].

In addition to calibration of structured-light scanners and
other active systems, the work presented here has direct ap-
plication to multi-projector display environments. Recently,
a number of researchers have introduced camera-based cal-
ibration techniques that compute the relative or absolute
calibration of clusters or projectors [4, 22, 21, 15]. Once
calibrated, these systems can generate a uniform, large-
format, potentially immersive image to a user. More ac-
curate matchpoints as a result of the technique introduced
here will improve the utility of these systems.
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Figure 1: Perspective distortion and photometric character-
istics of the camera-projector pair warp the appearance of
projected fiducials. (a) Gaussian target in framebuffer of
projector. (b) Same Gaussian projected on a planar surface
and seen from a camera.

2. Matchpoint Recovery

For a given fiducial F', centered at projector pixel 7, j, the
role of matchpoint recovery is to detect the center of the pro-
jected fiducial in the camera to subpixel accuracy. Because
F should be a fiducial with a low-autocorrelation coefficient
for positional offsets and should change smoothly with re-
spect to small offset, we fix F' to be a circular Gaussian
target centered at 7, 5.

Our approach to detecting the center of F' in the frame
of the camera is motivated by the observation that the ap-
pearance of F' is warped due to perspective projection and
sensor nonlinearities (See Figure 1).

As a result, we model the intensity of the projected target
position, centered in the camera’s image plane at z, y as:

I([z,y]) = C(F(H[i,5,1]")) 1)

where C'is a transfer function that maps projected color
to observed colors, F' is a function describing the template
and H is a geometric warp that maps points from the cam-
era’s image plane to the template’s domain.

Note that H governs the location of the template in the
camera’s image plane. Applying H~! to the template’s ori-
ginyields the location of the template’s origin in the camera.
The essence of our approach is to estimate H for a particu-
lar fiducial by finding the H that maximizes the correlation
between the right hand side of Equation 1 and the observed
camera intensities, I([z, y]).

We assume that the surface is locally planar near the tar-
get, so H is well approximated by a homography. Note that
the projected target is circularly symmetric about its origin
and any geometric warps which differ only by a rotation
in the domain of the template (post-rotations) will produce
identical fiducials in the frame of the camera. Consequently,
we can eliminate one parameter from H.

For simplicity, we model the color transfer function to be
independent of pixel location or neighboring pixel values.



For the results presented here, we estimate the color trans-
fer function a priori by projecting four different graylevels
in sequence, and fitting the results to a four-parameter
model. This method has been shown to accurately pre-
dict color/intensity values for common camera-projector se-
tups [16].

Estimation of H’s seven parameters is performed using
an iterative optimization of the nonlinear function. An ini-
tial guess is determined by computing a bounding box for
the pattern in the camera, and corresponding its corners
with those of the unit square. In the following sections we
present the technical details regarding the fitting process.

2.1 Technical Details

The color transfer function, which maps projector frame-
buffer intensities in the range [0, 255] to observed camera
intensities in the same range, is parameterized in the fol-
lowing way:

Ck1,k2,k37k4 (I) =k + He]i:ﬁ (2)

The four parameters k1, k=, k3 and k4 of the color trans-
fer function C' are estimated by projecting four different
intensities and capturing the resulting image in a camera.
These projected/observed pairs provide sufficient informa-
tion to completely determine each parameter.

The template function F', which maps points in the plane
to intensities in [0, 255], is a circular Gaussian centered on

the origin given by,

F([z,y]) = 255¢ (= +v") 3)

Because the Gaussian is centered at the origin, it must be
translated and rescaled to yield an arbitrary target, centered
at framebuffer pixel, z,,, ¥p, -
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Because [z,,,Yp,] Will be the projector coordinates of
the matchpoint, the higher level routine typically chooses
these parameters. The parameter s determines the size of
the target, and its value should be chosen to improve the ul-
timate accuracy of the results. Large values of s typically
lead to longer processing times, and for non-flat display sur-
faces, can lead to accuracy problems, as the approximation
of H in Equation 1 as a homography becomes invalid. Other
factors which argue for smaller s are radial distortion prob-
lems, and clutter resulting from a nonuniform display sur-
face albedo. If s is too small, however, image noise should
tend unduly affect the estimate of the camera’s matchpoint.
In Section 3 we demonstrate the accuracy of the system over
several different scales of the projected Gaussian.

As noted in Section 1, H, the mapping from the camera’s
frame to the target’s domain is modeled as a homography.
H depends on the parameters for T' chosen in Equation 4,
on the relative positioning of the projector and camera, and
on the location and orientation of the display surface.

a b ¢
H=|d e f (5)
g h 1

H maps points into the domain of F', the circular Gaus-
sian, which is invariant with respect to rotations about the
origin. Consequently, a post rotation (or left multiply) can
be applied to H without affecting the correlation score. This
results in a 3x3 matrix with a new parameterization, given

by:

cosf sinf O a b ¢
—sin@ cosf 0 d e f|=
0 0 1 g h 1

acosf + dsinf bcosf + esinf
—asind +dcosf —bsinf + ecost
g h 1

ccosf + fsind

Upon inspection of equation 6, it should be obvious that
if we let & = arctand/a, the term in the second row and
first column vanishes. This implies that, if H maximizes
the correlation score, then there exists a matrix H, whose
second row and first column has a zero entry which also
maximizes the correlation score. H and H produce iden-
tical camera matchpoints. This is true because the post-
rotation takes place about [0, 0] in the template domain, sys-
tem where the Gaussian is unwarped and centered on the
origin.

H then is rewritten to exclude parameter d to yield a new
matrix, H. In addition, parameters ¢ and f are written in
terms of x¢ and yo so that the optimization of this new H
will allow us to solve for the uncertainty of the matchpoint
center directly.

_ a b —axg—Dbyo
H=|0 e —eyo )
g h 1

Here, parameters c and f from Equation 5 are replaced
by new parameters zo and yo. H is defined so that
H[zoyol]T = [001]'. That is, (z9,%0) are the image co-
ordinates of the matchpoint center in the camera.

In practice, a background image from the camera is cap-
tured before each fiducial is projected. This is then sub-
tracted from the scene containing the Gaussian target and a
bounding box is fit to the largest remaining connected com-
ponent. Optimization, then, only takes into account pixels

—csinf + fcosf

(6)



Figure 2: Bounding region fit to the Gaussian target. Initial
estimates of the model parameters are derived from the four
corners of the bounding region.

within the initial fit bounding box. This both improves per-
formance and prevents data far from the matchpoint, which
is more likely to be dominated by noise, from affecting the
result. Figure 2 shows a closeup view of a projected fiducial
and its automatically detected bounding box.

An initial estimate of the parameter vector
[a,b,e,g,h,zo,y0], IS computed by corresponding the
corners of the target’s bounding box in the camera’s image
to the corners of the unit square in the domain of F'. These
four matchpoints determine an eight parameter homog-
raphy, H. H can be computed by considering it as the
composition of two warps, one which maps the corners of
the target’s bounding box to the standard projective basis,
and a second warp which maps the standard projective
basis to the unit square. Each of these two warps can be
computed by solving a 3x3 linear system [8].

In general, this initial guess, H has has eight parameters.
In particular, entry d is potentially non-zero as required by
our parameterization. Rather than applying a post-rotation
to force d to be zero, we note that the homography corre-
sponds to the corresponding points of two coordinate-axis
aligned rectangles, so the resulting homography only con-
sists of two scale parameters and two translation parame-
ters, and entries b, d, g, and h will be zero.

Given an initial estimate of the warp, H, and the es-
timated color transfer function, C, the following sum of
squared difference equation is minimized:

—I(l,j)

E(a’baeaga h>$07y0) =

) C(F(H[i, j,1]"))
i Tij
(8)

where a;; is the variance for all pixel ¢, j in the bounding
region under consideration. For the results shown here pixel
variance was estimated by analyzing a sequence of images
of a stationary scene.

To represent Equation 8 as a standard least-squares prob-
lem, we change our notation slightly, rewriting it as

E(a7baeagah7$07y0 Z |: :L.k” _yk:| (9)

k

Here, # = [i,4,1]%, and @ = [a,b,e, g, h,To,y0]",
the optimization problem’s parameter vector. Note that in
this case, the sum ranges over all & pixels contained in the
bounding region to be fit. We drop the 2D, 4, j indices for
notational convenience.

We use an implementation of the Levenberg-Marquadt
algorithm to minimize E of equation 8 [20]. Once conver-
gence is reached, the camera’s matchpoint is given by the
elements [zg, yo] Of the parameter vector output by the op-
timizer.

2.2 Uncertainty Estimation

The optimization method, described in Section 2.1 con-
verges at the x2 minimum of Equation 8. At that point the
components of the Hessian matrix to Equation 9 is given by:

1 i3 —’i;
] = an = ZNU [83”‘" D) oy@sa)| g7,

i 8ak 6(11
(10)

The estimated covariance matrix [C], of the errors of a
with respect to the fitted model is computed directly from

the Hessian, given by,

[Cl=[ ! (11)

The diagonal elements of [C] contain the variances of
the fit parameters a. Because we have previously derived a
form of the homography that explicitly denotes our subpixel
center, o, yo (See Equation 7). The covariances (or squared
uncertainties) of these values are directly accessible without
further analysis.

Uncertainty estimates that correspond to matchpoint
centers, like those computed here, have been shown to im-
prove overall performance of other numerical estimation
methods encountered in multi-view geometry. Examples
include more accurate estimation of the Fundamental ma-
trix [23], and three-dimensional reconstruction. In future
work, we hope to incorporate these particular error esti-
mates into multi-view calibration methods to compute ac-
curate epipolar geometry and higher order multi-view ten-
sors.

3. Experimental Results

The technique was tested in simulation where noise, char-
acteristics of the planar projective warp, and the color trans-
fer functions could be controlled. Real world experiments,



involving a commaodity light-projector and a digital video
camera system were also conducted. In each case, we study
the accuracy (and corresponding uncertainty) under various
conditions. The method is compared to the common sub-
pixel estimation approach in which an unwarped Gaussian
is fit directly to the observed intensities.

3.1 Simulation

Simulated experiments were conducted in order to charac-
terize the behavior of the method under controlled condi-
tions. Given a target Gaussian F', it is first warped by apply-
ing H, as defined by Equation 7 and a given set of warping
parameters. The resulting pixels are color modified accord-
ing to Equation 2 and given color transfer parameters. The
algorithm was then applied to the resulting warped Gaus-
sian to attempt to detect a subpixel center.

The system was tested by computing the matchpoint cen-
ter for a given warped target Gaussian under differing levels
of zero-mean Gaussian noise. Figure 3 depicts the accuracy,
measured as the 2D distance from ground truth to estimated
center. Noise levels range from zero standard deviations to
80.

The homography fit technique outperforms traditional
Gaussian fitting for all levels of image noise. It is inter-
esting to note that even at significant noise levels, the new
approach produces matchpoint center estimates that are ac-
curate to less than a pixel.

3.2 Real-world Tests

A number of experiments were conducted using a camera
and projector pair with overlapping fields of view on a pla-
nar surface. Measuring the accuracy of matchpoint centers
to subpixel accuracy under these conditions is a challenging
task.

Baseline data for subpixel centers was acquired by pro-
jecting a large Gaussian target, with a standard deviation of
300 pixels, from the projector’s 1024x768 framebuffer. We
also projected a very small target, with a standard deviation
of one pixel, centered at the same position in the projector
as the large Gaussian Both images were taken with the pro-
jector camera pair in identical configurations. The small tar-
get, as seen from the camera, was used to manually estimate
the center of both the large and small Gaussians. Subsam-
pling the large Gaussian image and running the algorithm
on several successively smaller resolution images produces
a baseline subpixel offset for the centerpoint of the Gaus-
sian in the downsampled image. Results of the algorithm
can then be compared with the baseline estimates given by
the subsampling process.

Each stage of subsampling halved the number of pixels
in both the horizontal and vertical directions. We used the

following algorithm to perform the subsampling:

’ 4\ I,1(2i,25+ 1)+ I,_1(20 + 1,25 + 1)
(12)
where, I, is the image after n stages of subsampling.
Given our subsampling pattern, the following recurrence
relation describes pixel positions at scale n — 1 to their cor-
responding position at scale n.

in1 1 jno1 1
5 "1 9 1) (13)

(Zm.?n) = (

Iterating this recurrence leads to a series with the follow-
ing closed-form solution.

. 1 . 1_;
(insdn) = (5r = —5 2 50 = —52)  (14)

At stage n of subsampling, we apply Equation 14 to the
manual estimate of the matchpoint location on the full reso-
lution image. We use this result as a baseline for evaluating
our method of matchpoint location. The successive sub-
sampling improves the quality of the baseline estimate; the
uncertainty at stage n is 1/2™ (pixels).

This method was used to analyze the accuracy method
for several different relative projector-camera configura-
tions. The different setups can be generally described as
narrow and oblique. In the narrow case, the angle between
the optic axis of each device varied between angles less than
45-degrees. Oblique setups refer to cases where the relative
viewing angle exceeded 45-degrees.

For each setup, the method was applied to 10 different
matchpoints and the mean distance between the baseline
centerpoint and the estimated center was measured for all
cases in each category. Table 1 reports the accuracy of
the matchpoint center from fitting a Gaussian the the tar-
get without optimization versus the accuracy of the method
introduced here.

[ Configuration | Gaussian Only | Homography Fit ||

Narrow 0.935 0.488
Oblique 0.877 0.398
Table 1: Error comparison for traditional matchpoint

method versus technique presented in the paper. Errors re-
ported are pixel distance from baseline to estimated target
center. Results represent mean error computed over 10 tri-
als.

The accuracy of the optimization method outperforms
the traditional approach under each of the conditions tested.
As the relative angle between the projector and camera is
increased, the amount of warp on the fiducial is increased.
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Figure 3: (a) Accuracy of the method versus increasing levels of image noise, as measured on simulated data. (b) Close-up

of target corrupted by noise with a & of 30.

As a result, the optimization technique that takes into ac-
count this potential change of fiducial appearance has the
most impact. This is demonstrated by the Oblique case in
Table 1.

Although the size of the initial bounding box increases
optimization time, the accuracy of the method is stable
with respect to the scale of the projected Gaussian. Fig-
ure 4 shows the accuracy of the method, for a particular
camera-projector configuration, with respect to several dif-
ferent scales. In this case, the projector and camera were
separated by approximately 30 degrees for moderate distor-
tion of the Gaussian target.

Figure 4 also compares the optimizer’s expected uncer-
tainties to the actual error obtained from the baseline data.
Note that while the expected uncertainties appear to be use-
ful, they consistently underestimate the error. While mod-
eling the noise as zero-mean, uncorrelated and Gaussian
appears to be somewhat reasonable, more accurate results
and/or better uncertainty estimates might be obtained with
a more complete noise model.

The most accurate results were typically obtained for the
smallest template sizes, corresponding to a Gaussian target
standard deviation of 16 pixels. At this scale, for the real-
world tests, an accuracy of 0.3 pixels was reliably obtained.

4. Conclusion

This paper has introduced a matchpoint recovery method
particularly designed for accurate subpixel estimation in ac-
tive computer vision systems. The method pre-computes a
color transfer function and optimizes seven parameters of a

warping homography that governs the appearance of a pro-
jected Gaussian target in the image plane. The parameters
of the warping function are optimized in order to minimize
the difference between the projected target and that seen in
the camera. The matchpoint center is computed directly in
this optimization phase.

Results demonstrate that the method produces more ac-
curate matchpoint estimates than methods commonly em-
ployed by the computer vision community. In addition to
improved accuracy, the technique produces a reasonable un-
certainty estimate for each matchpoint pair. This informa-
tion can be incorporated into traditional multi-view calibra-
tion methods.

In future work, we expect to explore more accurate ini-
tial estimates of the warping homography. Currently, initial
estimates of this warp are supplied by a bounding box fit to
the observed Gaussian. We hope to improve this estimate
by fitting an ellipse to the warped Gaussian using level-set
methods. In addition, we are exploring a more sophisticated
model that simultaneously takes into account color transfer
and local geometric warp. Finally, the method is being ap-
plied to passive sensing scenarios to accurately detect the
center of known shapes that are subjected to similar locally
planar warps. This approach promises to improve autocali-
bration of cameras observing a calibration target and more
general vision tasks such as point feature tracking.



Accuracy vs. Template scaling
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