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Summary

My research is in the fields of applied numerical analysis, applied linear algebra, and scientific computing.

I build mathematically rigorous algorithms to efficiently solve problems that are defined by increasingly larger data

sets arising in a wide range of applications in science and engineering by employing recycling strategies within

iterative solvers and exploring parallel implementations of these methods. I do so based on a firm theoretical

understanding of (1) the characteristics of the underlying systems and/or matrices on which I run my algorithms;

(2) the numerical techniques being used within my algorithms; and (3) the architecture on which I employ my

algorithms. I work with established methods, such as preconditioning techniques, iterative solvers (in particular,

Krylov subspace methods), multigrid methods, finite elements and differences, and model reduction to develop both

novel and innovative strategies to make the solution of large-scale systems and eigenproblems tractable.

Research Thrusts

My overarching objective is to explore new frontiers to either apply classical linear algebra techniques in novel

environments, or develop entirely new techniques themselves. The two broad areas in which I focus most of my

research efforts are in preconditioning techniques and iterative solvers. In each, my projects have focused on (1)

devising new or innovative recycling strategies for solving very large-scale linear systems and eigenproblems, and (2)

identifying and mitigating problematic characteristics of a matrix or sequence of matrices in order to develop robust,

efficient, and scalable parallel solvers. I have developed a novel recycling strategy for preconditioning long sequences

of linear systems [14], and for warm-starting the eigensolver when computing approximate invariant subspaces for

sequences of (standard, generalized, and quadratic) eigenvalue problems [15, Chapter 3]. More recently, my techniques

have focused on building efficient parallel implementations of classical numerical linear algebra techniques [42, 43],

as well as exploring translations of classical techniques to quantum computing and optimization, and in particular

quantum linear systems arising in interior point methods [5].

Linear Algebra is a Keystone of Science and Engineering

The phrase “black box” is often attributed to the classical and numerical linear algebra techniques used within

engineering applications, and in many instances it is precisely those who study these techniques who also promote

this jargon. I believe this then sends the wrong message that these methodologies can be integrated seamlessly

without concern for their implementation (though, to be clear, this is a very desirable result when developing new

methodologies). My research efforts have proven, and will continue to prove, that by working collaboratively with

engineers to critically analyze how these numerical methods used within their applications, we can reveal the vast

potential that lies in using traditional techniques to address new problems using cutting-edge technology. However,

to continue to promote progress in the state of the art, we have to be cognizant of and precise in our approach

to integrating these methods in new ways. In doing so, my work has driven the creation of new and competitive

algorithms on advancing architecture. I develop theoretical justification for methodologies applied to arbitrary

systems and matrices that in fact describe ubiquitous characteristics in systems and matrices arising in science and

engineering, and I have done extensive experimental analyses applying this theory to numerous real world applications

applying this theory. These applications include

• Discretized 2D nonlinear convection-diffusion equations [27];

• Discretized Euler equations [18,26];

• Topology optimization [7, 8, 32,46];

• Model reduction (e.g., Iterative Rational Krylov Algorithm [2,3, 24], proper orthogonal decomposition [16]);

• Discretized 2D Helmholtz equations [10,19,20];

• Numerical simulation of disk brake squeal [23];

• Slater matrices arising in a Quantum Monte Carlo method [1];

• Transient hydraulic tomography (THT) [12];
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• Quantum linear problems arising in quantum interior point methods [5];

• Linear systems arising in machine learning on graphs using multiobjective explanations [28];

• Linear systems from the PeleLM nodal pressure projection solver [30]; and

• Linear systems from the Nalu-Wind pressure continuity solver [45].

In each of these applications, I have worked extensively with the numerical methods underlying the solutions to

the underlying problems in these applications. As such, I am intimately familiar with the processes that require the

solution of the linear systems and eigenproblems. In each of these applications, I have identified key bottlenecks

that demand modification in the corresponding methodologies to achieve the fastest possible solution. While these

mitigation strategies may initially be dictated by one application, they always lead to critical improvements in other

applications sharing similar bottlenecks and very often result in entirely new discoveries in methodology for those

applications.

Preconditioning Techniques and Iterative Solvers

Solving Linear Systems

For large, sparse matrices, when solving the linear system Ax = b, we often use iterative methods, such Krylov

subspace methods. Minimum residual methods, such as GMRES [37], minimize at the kth iterations of the solver

||rk||2 = minx∈Kk ||b−Ax||2, where Kk(A, r0) = {r0,Ar0,A
2r0,A

3r0, . . . ,A
k−1r0} is the Krylov space defined by

our matrix A and the initial residual r0 = b−Ax0, where x0 is the initial solution (guess) for the iterative solver.

We can generally expect fast convergence of these methods when the eigenvalues of A are clustered away from the

origin (and we say A is well-conditioned), but in practice we cannot control the spectrum of a matrix. In cases where

the matrix is ill-conditioned we can construct another matrix we call a preconditioner P ≈ A−1 such that PA has

a clustered spectrum away from the origin, and then our Krylov method applied to PAx = Pb will converge much

faster. There are numerous techniques for constructing P. We can compute incomplete factorizations of A, such as

ILU-type preconditioners (e.g., ILUTP [13, 35, 36]), the factorized sparse approximate inverse (AINV) [9], and, for

symmetric matrices, incomplete Cholesky. A robust, but generally expensive preconditioner is the classical algebraic

multigrid (AMG) preconditioner [21,33,34,40,41].

Recycling preconditioners is a popular method for avoiding the potentially high cost of recomputing a new

preconditioner too often, by updating and reusing a previously computed preconditioner. I developed a cheap

technique to approximately map one matrix in a sequence of systems to another, closely related matrix in this

same sequence for which we already have a preconditioner with good convergence properties [14]. We refer to this

technique as the Sparse Approximate Map, or SAM update. SAMs are independent from (and therefore agnostic to)

the preconditioner type, and allow us to amortize the possibly high cost of a previous preconditioner over many linear

solves. Given a sequence of matrices, {Ai}ni=1, a preconditioner Pj for Aj and j < k, we compute an approximate

map Nk such that AkNk ≈ Aj , by solving the least squares problem Nk = argminN∈S ∥AkN −Aj∥F and define

the updated preconditioner as Pk = NkPj .

Here S is the subspace defined by a chosen sparsity pattern S imposed on our map and different choices for SAM

updates can be considered that exploit salient features of the problem. In [14], we analyze fixed subpatterns based

on the finite element mesh from which the topology optimization matrices are derived, in particular, patterns that

are much sparser than the matrix itself. Here, our most effective map contains an average of about 5.5 nonzeros per

column, compared with up to 81 nonzeros in a typical column of the stiffness matrix and takes just over 5 seconds

to compute compared with 16.5 minutes to compute the AMG preconditioner for matrices of size n = 432450.

Other sparsity patterns, as well as different approaches for approximating the exact map, AkN̂k = A0, were

presented at the 2021 Society for Industrial and Applied Mathematics (SIAM) Applied Linear Algebra (LA21)

conference. In particular, we focus on approximating the exact map by exploring strategies including a posteriori

sparsification, incremental updates, and an iterative approximation. We seek to establish a rigorous understanding

of the interplay between the quality of the map and the quality of the (previous) preconditioner. In doing so,

we may then provide prescribed, tunable parameters based on salient features of an application to the user when

implementing this map. Submission to a top numerical analysis journal is anticipated before the end of the 2021-2022

academic year.

Incomplete LU factorizations (e.g. ILU(k), ILUTP) can be employed as a smoother in AMG methods. However,

when applying the incomplete factors in the AMG solve phase, the requisite direct triangular solves may result in a

performance bottleneck on massively parallel architectures such as GPUs [4]. Iterative methods, such as the stationary

Jacobi iteration, can be an effective means of approximating the sparse triangular solution [4, 17]. Our contribution

is to introduce an approach for mitigating the effects of problematic factors that may inhibit the convergence of the

Jacobi iteration. Specifically, we are concerned with situations in which L or U has a high condition number or
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a high degree of non-normality. When these difficult cases are properly dealt with, it becomes possible to use the

significantly faster sparse matrix-vector (SpMV) products appearing in the Jacobi iteration on GPU architectures,

thus achieving substantial acceleration in the AMG solve phase.

In [43], we introduce an ILU smoother for classical AMG that applies row and/or column scaling to mitigate

the non-normality of the upper triangular factor. Our approach facilitates the use of Jacobi iteration in place of

the inherently sequential triangular solve. Because the scaling is applied to the upper triangular factor, it can be

done locally for a diagonal block of the global matrix. An ILUT Schur complement smoother, that solves the Schur

system along subdomain (MPI rank) boundaries using GMRES, maintains a constant iteration count and improves

strong-scaling. For large problem sizes, GMRES+AMG with iterative triangular solves executes at least five times

faster than when using direct solves on the NREL Eagle supercomputer. In [42], we build theory based on the work

in [43], to derive a Neumann series representation of the iteration matrices in the fixed point method. The sparse

triangular solver employed in the Gauss-Seidel and ILU smoothers can then be replaced by an inner iteration based

upon matrix-vector products. Henrici’s departure from normality [25] of the associated iteration matrices leads to a

better understanding of these series, and in particular (1) when we may expect a (close-to) normal matrix, and (2)

the rate of convergence given the degree of non-normality of the iteration matrix [42].

Solving Eigenproblems

When computing invariant subspaces for a sequence of matrices, we can recycle the approximate invariant subspace

computed for one matrix to warm-start the eigensolver for another matrix in the sequence, rather than starting the

eigensolver from scratch with a single vector. In [15, Chapter 3], I introduce a warm-started Krylov-Schur algorithm

for solving a sequence standard eigenvalue problems (SEP) of the form A(k)y = µy for k = 1, 2, . . . , N . This recycling

technique makes computing invariant subspaces of very large-scale matrices tractable by reducing the total number

of matrix-vector products required in the eigensolver, while still producing invariant subspaces that are as accurate

as for the standard Krylov-Schur method.

Since we start the eigensolver with a space that is not an exact Krylov space for the given matrix, we make

several modifications to our eigensolver to account for this. (1) Given the start space, we first compute the Krylov

decomposition with minimum residual norm based on the analysis in [39]. (2) After we expand this approximate

Krylov space, we must account for the residual matrix when computing the Rayleigh quotient. (3) The standard

convergence test for Krylov-Schur can no longer be used, and so we propose a convergence test based on the residual

of the eigenvalue problem. We show that this cycle reduces the norm of the residual matrix.

An additional complication emerges when solving the sequence of eigenvalue problems that arise in the numerical

simulation of brake squeal [23]. Here, a sequence ofN generalized eigenvalue problems of the formA(k)y = µB(k)y are

solved as SEPs with the coefficient matrix of the form A(k) = (B(k))−1A(k). In this case, because the matrix-vector

products in the eigensolver require a linear solve, an iterative linear solver, such as GMRES, can be used to efficiently

compute them. We can improve convergence of the iterative linear solver by using a Krylov subspace recycling

method, such as GCRO-DR [31]. Krylov subspace recycling is a complementary method to recycling preconditioners

for improving the convergence of Krylov methods. Fast convergence of Krylov subspace methods generally depends

on the clustering of the eigenvalues of the coefficient matrix away from the origin [37] and so approximately deflating

the smallest (in magnitude) eigenvalues of A can improve convergence of the Krylov method [29]. Restarted Krylov

methods can be used to reduce computational cost and storage, but any approximate eigenvectors in the Krylov

space are discarded upon restarting. By maintaining a subspace of the Krylov space that corresponds to the smallest

eigenvalues, we can improve convergence of the iterative method. How we update this space upon restarting depends

on whether we are restarting the method for a single linear system or recycling the space for another closely related

system in a sequence.

Accuracy, Stability, and Perturbation Analyses

Knowing the theoretical properties of methods can provide us insight in how well an approach may work, as well as

how to choose parameters when using them. For instance, perturbation analysis can provide us with knowledge a

priori on the sensitivity of systems to small changes in, or corruption of, the data. This may arise, for instance, in

linear problems as loss of precision with finite arithmetic, or in nonlinear problems as blurry images that we want to

reconstruct. I am interested in convergence bounds of iterative methods for perturbed matrices of the form I+K+E

(I the n× n identity matrix, rank (K) = p ≪ n, and ∥E∥2 = ϵ < 1) [15, Chapter 4]. Sequences of low rank matrices

also arise in optimization problems such as image compression or recognition, and video streaming, when extracting

low-dimensional information from high-dimensional data.

In the case of the Krylov method GMRES, convergence rates for matrices of the forms I+K and I+E are well

known (see proofs and relevant discussion in [11, 22, 36, 37]). However, such convergence theorems do not exist for
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general matrices of the form I +K + E. I am exploring how the introduction of E affects the eigenvalues of I +K

within the context of the theoretical framework provided in [38], which analyzes the GMRES convergence of general

perturbed matrices, A+E. Defining A = I+K, and by taking the singular value decomposition of K,

K =
[
U1 U2

] [ Σ1 0

0 0

] [
VT

1

VT
2

]
= U1Σ1V

T
1 , (1)

I can ultimately show there are at most 2p such eigenvalues from two sources: the p angles shared betweenU1 andV2,

and the p eigenvalues of the p×p matrix Σ1V
T
1 U1. Further, by using pseudospectral analysis as in [38], I have defined

precisely the bound on the GMRES residual at iteration p+ 1 for matrices of this very special form [15, Chapter 4].

More recently, we have been developing theory for a mechanism to signal the loss of orthogonality in the Gram-

Schmidt projection in GMRES, P a =
(
I−Q (QTQ )−1 QT

)
a, where T ≈ (QTQ )−1 can be represented by the

(truncated) Neumann expansion T = I − L − LT + LT L + L LT − L LT L, with L strictly lower triangular. In

particular, we are able to characterize that the loss of orthogonality is signaled by Henrici’s departure from normality,

dep(A) =
√
∥A∥2F − ∥D∥2F , where D contains the eigenvalues of A. Specifically, dep(T−1) > 0, where for k the

current GMRES iteration dep(T−1) = dep(I + L) =
{
∥I+ L∥2F − k

}1/2
, when ∥L∥F > 0 [44]. The implications of

this work are the construction of GMRES convergence bounds for nonnormal matrices, even those that are slightly

nonnormal, for which theory does not already exist.

Future Work

My main goal is to continue extending my work into fields such as machine learning, quantum computing, and high

performance computing. My efforts in this have so far have lead to collaborations in Lehigh’s Computer Science and

Engineering department, in Lehigh’s Industrial and Systems Engineering department, with researchers and engineers

at several national labs, and with academics at other institutions (both in the United States and abroad). As I have

worked with these groups, my objective to explore new frontiers has found great satisfaction. In each group, there

is an identified need for linear algebra not only to explain observed phenomenon, but also to improve (and often

invent) methodologies to make the solution to these large-scale problems tractable.

Near-Future Work

I am currently working with a PhD student in Lehigh’s Industrial and Systems Engineering department to develop an

effective preconditioning technique for quantum linear systems that arise in the interior point method. The systems

in the iterative refinement step have condition number approaching infinity. Preconditioning may seem like a viable

option, however, these systems are too large to allow for a direct computation of a standard factorization such as

an incomplete Cholesky factorization (i.e., the LU decomposition for a symmetric matrix). Potential lay with the

sparse approximate map, but careful attention must be given to how this map is computed, given the very large-scale

systems we are solving. We may also consider a dimension-reduction technique to reduce the size of these matrices,

thereby facilitating the use of classical linear algebra techniques.

I am also interested in using randomized linear algebra to improve the algorithms I have already developed, as

well as to drive the development of entirely new algorithms. In particular, much of my past work has focused on

factorization schemes for computing effective preconditioners. In many cases, pivoting is used to avoid numerical

instability issues with the factorization. However, pivoting is incredibly inefficient on the GPUs due to the amount

of communication required. Using, for instance, random butterfly transformations in place of pivoting strategies has

already been explored for direct factorizations [6], and can be extended to incomplete factorization (e.g., ILUTP).

Incorporation of randomization to the work done in [43] would allow us to use ILUTP (where P - or pivoting - is

now replaced with randomization), a traditionally more effective preconditioner compared with ILU factorizations

that do not use pivoting for matrices that are far from diagonally dominant, or ill-conditioned. Such a strategy may

also provide an efficient means for directly approximating the exact map between two matrices without having to

explicitly compute (either directly or iteratively) N̂k = A−1
k A0, with potential extensions to the quantum linear

systems mentioned above.

Other budding projects I am working on include the following.

• Parallelizing the sparse approximate map in [14]. Identifying opportunities for parallelism has already been

accomplished, but an implementation is still in the works. Parallel SAMs would provide a competitive advantage

as an update technique as computing ILU-type preconditioners, for instance, is not so easy, and so the balance

of costs may shift substantially in the favor of updating preconditioners with SAMs.

• Constructing a symmetry preserving map between matrices. The current implementation in [14] is applied

to the previous preconditioner from the left or the right, which necessarily leads to an unsymmetric, updated
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preconditioner (even if the previous preconditioner was symmetric). Constructing a map that preserves sym-

metry will be critical in applications where the solver used relies on the (preconditioned) system remaining

symmetric, such as the quantum linear systems in the interior point method.

• Developing a non-proprietary numerical analysis software package that includes classical applied numerical

methods, and is built in such a way that I can continue to add new algorithms as I develop them. This project

has started as a CSE capstone project (Spring 2022 and Fall 2022), and my intentions are to have future PhD

students continue to build on it.

• Applying Krylov subspace recycling to sequences of large-scale matrices arising in fair machine learning, ex-

plained using multiobjective optimization. This is work with a colleague in the CSE department, as well as an

undergraduate student currently studying at another institution.

Long Term Research Thrusts

My long term objective is twofold: (1) Continue to construct new algorithms in response to the evolving science

and engineering landscape; and (2) Build rigorous theory to explain the general case. As I continue to explore new

applications, and devise new algorithms, I encounter the potential for new theory. Much of the theory surrounding

preconditioning techniques and iterative solvers can be rather sparse. At minimum, the assumptions made are usually

very strong and are often not generalizable to arbitrary problems. Such assumptions then necessarily exclude many

real world applications. We generally ignore these strong assumptions and apply the methods even when the problem

defies those assumptions. Though, we may achieve results that either fit the theory or nearly so. For instance, we

often characterize a clustered spectrum of a matrix as a good indicator of fast convergence of the Krylov method

GMRES. This holds for normal matrices, but we still use this characterization for nonnormal matrices because we

observe ideal convergence behavior of the corresponding systems. Truly groundbreaking theory would describe, for

example, a direct relationship between the degree of nonnormality of the coefficient matrix and the convergence rate

of GMRES.
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