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Abstract

The Logarithmic Number System (LNS) shows good per-
formance in low-precision computation, compared to tra-
ditional fized-point and floating-point number systems.
This paper exploits a way to share the table-lookup part
of an LNS adder/subtractor pair for the Discrete Cosine
Transform (DCT) in MPEG encoding. By this technique
the equivalent computation in the DCT algorithm can be
performed using much less area.

1 Introduction

The Logarithmic Number System (LNS) has a larger dy-
namic range compared to the fixed-point number sys-
tem. LNS is easier to implement at low precisions than
the floating-point number system, which also has a sim-
ilar dynamic range. The above features are suitable for
MPEG encoding/decoding systems. In earlier work [1]
and [2], LNS features were introduced into the Inverse
Discrete Cosine Transform (IDCT), which is a key part of
Moving Picture Ezperts Group (MPEG) video decoding
and they made an extraordinary performance improve-
ment. This paper analyzes Chen’s fast DCT algorithm
and exploits potential features to achieve less hardware.
In Section 2, LNS is briefly introduced. Section 3 intro-
duces the Berkeley encoding tool where the LNS features
are introduced into MPEG encoding. Section 4 infers
hardware implementation of Chen’s fast DCT algorithm
[3]. Section 5 shows how the LNS adders in the hardware
of Chen’s DCT algorithm can be combined by sharing
the table-lookup part of two LNS adders, which achieves
great area savings. Section 6 analyzes the area savings
by using the combined LNS adder/subtractor method.
Section 7 shows the areas of the actual synthesis results.
Section 8 draws conclusions.
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2 Logarithmic Number System

(LNS)

The Logarithmic Number System (LNS) [4] represents a
number by its exponent to a certain base b, such as b = 2.
In LNS, one bit is used as the sign of the represented
number and other bits are used for the exponent value.

The multiplication of two numbers is simply the sum of
the two numbers’ exponent parts. It only requires a fixed-
point adder and an XOR gate, compared to the higher
cost of a fixed-point multiplier.

However, the addition of two numbers is not a linear
operation in LNS. The basic method for the addition cal-
culation [2] is:

l. z2=y—zand z; = 5 ® ys;
2. If z, = 0, w = sp(2); otherwise w = dp(2);
. t=z+w.

zs and y, denote the sign bits of the two operands.

In Step 1, the calculation of z = y — = corresponds
to calculating z = log,(Y/X). Step 2 is a table look-
up. Tables sp(z) and dy(z) correspond to addition or
subtraction according to z,:

o 55(z) = log, (1 + b?).
o diy(z) =log, |1 — b*|.

Thus, the final result is t = log, |[X (1£Y/X)| = log, | X £
Y|

In this paper, W denotes the word size of an LNS num-
ber and F' denotes the precision of the number’s expo-
nent, i.e., the fractional part of the exponent.

Figure 1 shows the diagram of an LNS adder. MUX 1
selects £ — y or y — z, whichever is negative. Thus it
avoids storing positive entries in the s3(z) and dp(2) ta-
bles. MUX 3 selects s3(2) or dp(2z) depending on whether
the control unit detects that x5 is the same as y;. Because
the value of s;(2) is between 0 and 1 when z < 0, the s;(2)
table only needs to output F' bits, instead of the wider
word width needed for dy(z). In this way, the area of
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Figure 1: LNS adder.

an LNS adder can be reduced about 256% at F' = 4, com-
pared to a naive implementation with two full (W —1)-bit
output s(2)/dp(z) tables. The adder outputs the expo-
nent part of log, | X + Y| and the 1-bit MUX 4 selects the
proper sign bit.

The size of the LNS addition table s;(z)/dp(z) in-
creases exponentially as the operands’ word lengths in-
crease. The area of the fixed-point or floating-point mul-
tiplier has a quadratic relation with the word lengths.
Thus LNS arithmetic systems usually have advantages at
low precisions, which is a desirable feature for portable
devices.

3 Berkeley MPEG Encoder

The MPEG encoding process encodes a series of pictures
into a video file (corresponding to a series of frames). One
of the key parts of MPEG encoding is the Discrete Cosine
Transform (DCT). According to [5], the 2-D 8 x 8 DCT
is:

c(p) ¢(v) N~

z=0 y=0
cos[(2z + 1)un /16] cos[(2y + 1)vn/16]

The Berkeley MPEG encoder [6] is software that per-
forms MPEG encoding with various algorithms and that
is suitable to try different encoding approaches.

In [1] and [2], LNS features were added into the Berke-
ley MPEG decoder by modifying the IDCT functions. [1]
and [2] showed that much smaller LNS word lengths could
produce similar visual results compared to the fixed-point
number implementation.

Similar to the above modifications made on an MPEG
decoder, LNS features can also be introduced into MPEG
encoding. [7] shows that at the same precision, the videos
encoded with LNS DCT show comparable visual result
and better Signal to Noise Ratio (SNR) than the videos
encoded with fixed-point DCT. Also, LNS has similar de-
lay.

With the same precision, LNS needs fewer bits than
fixed-point. For the range of -2048 to 2047, which MPEG-
1 encoding requires, the integer part of the fixed-point
number needs 12 bits (212 = 4096), while LNS only needs
6 bits (one sign bit, one sign bit for the exponent and
4 bits (22" = 216 > 2047) for the exponent). Thus, the
fixed-point word is (12+ F) bits wide, i.e., Wpx = 124+ F,
while the LNS word is only (6+F') bits wide, i.e., Wrng =
6 + F. LNS saves 6 bits.

4 Hardware Implementation of
LNS DCT

Much research has addressed fast algorithms for
DCT/IDCT calculations, such as [3], [8], [9], [10], [11],
[12], [13], [14], [15], [16] and [17]. Among those DCT ap-
proaches, the method in Chen’s paper [3] has the least
number of additions, which is a desirable property for
LNS. It has in total 16 multiplications and 26 additions
for a one-dimensional 8-point DCT.

Some fast DCT algorithms have fewer number of mul-
tiplications than Chen’s algorithm. However, those DCT
algorithms have more additions. Thus, the area savings
for a fixed-point number implementations are slight com-
pared to Chen’s algorithm.

The directly inferred hardware diagram is shown in Fig-
ure 2. The 8 inputs are the 8 elements of the data before
the DCT. The 8 outputs are the elements of the result af-
ter the DCT. The output elements of F' are in bit-reverse
order, i.e., in the order of F(0), F(4), F(2), F(6), F(1),
F(5), F(3) and F(7). The small circle at an input of an
adder denotes that the input of the adder should have
a negating operation, i.e., a subtraction should be per-
formed.

An alternative design approach to Figure 2 is to reuse
the hardware of the lower half in Figure 2. Because the
upper half still uses the same hardware, MUXes are added
for differing inputs of the lower and upper halves. In this
way, the hardware needs two cycles to calculate an 8-
point 1-D DCT, while the hardware cost is 14 adders, 10
multipliers and 17 MUXes of the word length.

5 Optimized Add/Subtract

Similar to the method used on LNS FFTs in [18], we
observed that adders (9) and (10) in Figure 2 have the
same input operands from the output of adders (5) and
(6). The only difference is that adder (9) performs ad-
dition, while adder (10) performs subtraction. This can
guarantee that when adder (9) accesses the s;(z) table,
adder (10) must be accessing the dp(z) table, and vice
versa. So we can combine adders (9) and (10) into one
LNS adder/subtractor unit by sharing the s;(2) and dp(2)
tables with only a small amount of extra hardware.
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Figure 2: Hardware Diagram of Chen’s DCT algorithm.

Figure 3 shows the diagram of a combined LNS
adder /subtractor that could replace adders (9) and (10)
in Figure 2. MUX 3 and MUX 4 select the proper re-
sults from the s3(2) and the dp(z) tables according to the
signs of x and y. The two adders output the proper ex-
ponent parts of log, | X + Y| and log, |X — Y|. The two
1-bit MUXes (MUX 5 and MUX 6) output the proper
sign bits. Altogether there are 10 adder pairs which can
be optimized in this way: (1) and (13), (2) and (14), (3)
and (15), (4) and (16), (5) and (8), (6) and (7), (9) and
(10), (17) and (18), (19) and (20) and (21) and (22).

Further observing Figure 2, we can see that the upper
inputs of adders (11) and (12) are both from the output
of adder (7) and pass through the multipliers of sin %
and — cos g; thus, they are different in their signs. The
lower input operands are both from the output of adder
(8) and are multiplied by two numbers with same signs,
cos g and sin §. This property can guarantee adders (11)
and (12) do not access the same s3(z)/dp(z) table at the
same time. So we can combine the two adders after the
four multipliers and share the sy(2)/dy(2) tables of the
two adders. Figure 4 shows the diagram of the functional
unit combining adders (11) and (12). MUX 5 and MUX 6
select the proper result of |1 —y1| or |22 —y2| to send to
the addresses of the sp(2) and dp(z) table. MUX 7 and
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Figure 3: Combined LNS Adder/Subtractor with
sp(2)/dp(%) Table Shared for X £Y and X FY.

log,IX+Y|
(exponent part)

MUX 8 select the proper results from the s;(z) and the
dy(2) table according to the sign of z1 and yl. The two
adders output the proper exponent parts of log, | X1+Y1|
and log, | X2 + Y2|. The two 1-bit MUXes (MUX 9 and
MUX 10) output the proper sign bits. The circuit in
Figure 4 is also substituted for adders (23) and (26) and
adders (24) and (25).

The delay of Figure 3 is the same as the delay of Fig-
ure 1. Figure 4 has one more MUX in its critical path
than Figure 1.
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Figure 4: Combined LNS Adder/Subtractor with
sp(2)/dp(z) Table Shared for X1+Y1 and X2 +Y2.

Figure 5 shows the diagram after the combination of
the LNS adder/subtractors in Chen’s algorithm, where
all the 13 LNS adder pairs in Figure 2 are replaced by
10 combined LNS adder/subtractors from Figure 3 and 3
combined LNS adder /subtractors from Figure 4.
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Figure 5: Hardware for Chen’s algorithm after Substitut-
ing LNS Adder/Subtractors.

6 Area Analysis

The LNS adder in Figure 1 has one sp(2)/dy(2) table, 1
subtractor, 1 negator, 1 adder and 3 (W —1)-bit MUXes.
The combined LNS adder /subtractor in Figure 3 has only
one more (W — 1)-bit MUX and one more adder than
the LNS adder. The combined LNS adder/subtractor in
Figure 4 has one s;(2)/dp(2) table, 2 subtractors, 2 nega-
tors, 2 adders and 8 (W — 1)-bit MUXes to realize the
function of two LNS adders. Assuming the adders, the
subtractors and the negators are all ripple-carry based,
Table 1 shows the gate count of each component used in
Figures 1, 3 and 4, excluding the control logic. Table 2

[ Component | INv. | anD | or | xor | mux |
Adder - 3F +13 | 2F +8 2F +9
Negator - F+5 - F+5
Subtractor | F+5 | 3F +15 | 2F +10 | 2F + 10
MUX B B B B F+5

Table 1: The Gate Count of the Combinational Compo-
nents.

shows the estimated combinational part gate count of the
LNS adder in Figure 1, the novel LNS circuits in Fig-
ure 3 and Figure 4 and the LNS multiplier. Also, Ta-
ble 2 shows how many synthesis “gates” each logic com-
ponent needs, such as 3 gates per inverter. Consider-
ing this, the LNS circuits take 101F + 491, 142F + 680,
214F 41037 and 35F 4155 gates respectively. The size of
the combinational part of the LNS adder increases pro-
portionally as the word length increases, while the size of
the table-lookup part increases exponentially. The larger
the precision, the larger percentage the table-lookup part

takes in the LNS adder, and the more the combined LNS
adder /subtractor method saves in area.

In the hardware for Chen’s DCT algorithm in Fig-
ure 2, all the 26 LNS adders can be substituted by
10 LNS adder/subtractors of Figure 3 and 3 LNS
adder/subtractors of Figure 4. In this way, half the
area of the table-lookup of the LNS adders can be
saved. In the two-cycle hardware for Chen’s DCT
algorithm, 10 of 14 LNS adders can be substituted
by 3 LNS adder/subtractors of Figure 3 and 2 LNS
adder /subtractors of Figure 4. Thus, more than 1/3 of
the table-lookup of the LNS adders can be saved.

[ Compon. | mnzv | anp | or [ xor [ wmux |
Figure 1 F+5 7F +33 | AF +18 | 5F +25 | 3F +16
Figure 3 F+6 10F +46 | 6F +26 | 7F +34 | 4F +22
Figure 4 | 2F + 10 | 14F +66 | 8F +36 | 10F +49 | 8F + 42

Mul. B 3F + 13 2F +8 2F + 10
[ Gates | 3 [ 5 [ 5 ] 5 [ s ]
Table 2: The Combinational Gate Count for Dif-

ferent Precisions for LNS Adder and Combined LNS
Adder/Subtractors.

Table 3 shows the area comparison of the combina-
tional part (excluding table-lookup) between the one-
cycle and two-cycle DCT hardware designs with/without
the combined LNS adder/subtractors. At F' = 4, 18%
and 9% less area can be achieved by this combined
adder/subtractor technique in one-cycle and two-cycle
DCT hardware. The reason for a much lower percent-
age of area savings in two-cycle DCT hardware is be-
cause fewer LNS adders can be substituted by combined
LNS adder/subtractors in the two-cycle DCT design. An-
other reason is that in the two-cycle DCT hardware, fewer
adder pairs are substituted by Figure 3 and relatively
more adder pairs are substituted by Figure 4. Figure 3
has only one extra MUX and one extra adder than Fig-
ure 1, while Figure 4 duplicates the combinational part
of Figure 1.

One-cycle (without novel) 3186F + 15246
2622F + 12391
1866F + 9036

1710F 4 8240

One-cycle (with novel)

Two-cycle (without novel)

Two-cycle (with novel)

Table 3: Area Comparison of Combinational Logic in
DCT Hardware.

Figure 1, Figure 3 and Figure 4 have the same area for
their table-lookup part, (2F + 5)2F+5 ROM bits. This
area is not shown in Table 3.

7 Synthesis results

Mentor Graphics synthesis tool Leonardo Spectrum is
used to obtain the area for the ordinary LNS adder in
Figure 1 and the combined LNS adder/subtractors in Fig-
ure 3 and Figure 4. ASIC standard cell library Sample
SCLO5U is chosen as the target library. Table 4 shows



the synthesis result of the s,(2)/dy(2) table with differ-
ent precisions. It shows that the actual synthesis result is
much smaller than the theoretical estimated ROM bits.
This is because the s3(2)/dy(2) table is sparse. Thus, the
synthesis tool can significantly reduce area. At higher
precisions, the ratio of theoretical estimation to actual
synthesis result gets higher. This is because at larger
word sizes, the more potential logic reduction can be ex-
ploited.

F w

Theoretical

Est. (ROM bits)

Synthesis
Results (gates)

Ratio
(Bits/Gate)

8

1152

188

6.13

9

2816

454

6.20

10

o |n|w|n

6656

873

7.62

11

15360

1839

8.35

Table 4: Area of Table-lookup Part with Different Preci-
sions.

Table 5 lists the combinational area estimation and the
actual synthesis results for Figure 1, Figure 3 and Fig-
ure 4. The synthesis results are smaller than estimated
areas for the combinational part. The reason is that the
synthesis tool uses more kinds of gates to reduce the area
instead of just several basic kinds of gates in our theoret-
ical estimation in Section 6.

F | w Figure 1 Figure 3 Figure 4

Est. | Syn. Est. Syn. Est. Syn.
2 8 688 507 964 705 1465 | 1081
3 9 789 635 1106 861 1679 1308
4 10 890 647 1248 917 1893 1482
5 11 991 776 1390 1078 2107 1673

Table 5: Estimated Area and Synthesis Results for Com-
binational Part.

Table 6 shows the area comparison under different
precisions using the above tool. The table shows at
a word length of 10, which is a suitable word length
(W) for LNS DCT implementation, the combined LNS
adder/subtractor in Figure 3 has only 18% more area
than an ordinary LNS adder but it can perform the
same function as two LNS adders. For the combined
LNS adder /subtractor in Figure 4, only 55% more area is
needed to achieve the same function as two LNS adders.

F w Figure 1 Figure 3 Figure 4
Area Ratio Area Ratio
2 8 695 893 1.28 1269 1.83
3 9 1089 1315 1.21 1762 1.62
4 10 1520 1790 1.18 2355 1.55
5 11 2615 2017 1.12 3512 1.34

Table 6: Area Comparison of LNS adder and Combined
LNS Adder/Subtractors.

Table 7 lists the areas of one-cycle and two-cycle F' = 4
LNS DCT hardware. At F' = 4, MPEG-1 encoding with
LNS DCT can produce a visually acceptable result. Area
of an equivalent fixed-point implementation is also listed.
Table 8 shows the ratios of LNS DCTs to the equiva-
lent one-cycle fixed-point DCT implementation with and

without the combined LNS adder/subtractor technique.
It shows that LNS approaches require much less hardware
than the fixed-point implementations for DCT. With the
combined LNS adder/subtractor method, more hardware
can be saved.

Without With Fixed-point

One-cycle DCT 41505 28313 122443
Two-cycle DCT 23162 18059 77102
Table 7: Area Comparison of DCT hardware

with /without combined LNS Adder/Subtractors (F' = 4).

‘Without With
One-cycle DCT 0.34 0.23 1.00
Two-cycle DCT 0.19 0.15 0.63

Fixed-point

Table 8: Area Ratio to the Fixed-point implementation
with/without combined LNS Adder/Subtractors (F = 4).

Many other fast DCT algorithms can also achieve
area savings through the combined adder/subtractor ap-
proaches because of the butterfly units they use. For
example, 24 of the 29 adders in [11] can be replaced by
12 combined LNS adder/subtractors shown Figure 3.

Power consumption is proportional to the area when
other parameters in the system stay the same. So the area
savings the LNS arithmetic achieved can greatly reduce
the power consumption.

The conversion from LNS to fixed-point/floating-point
representation also brings some overhead. The overhead
of the conversion from LNS to fixed-point number with
W = 10 is 8 tables of 512 x 11 bits and the overhead
of the conversion from fixed-point to LNS is 8 tables of
256 x 9 bits. Assuming the compression ratio (similar to
Table 4) for the conversion tables is 7 bits/gate, the total
conversion area overhead is about 35% of the LNS DCT.
Such conversion hardware is used no more than half of
the time. Thus its role in the total power consumption
is reduced. Considering the input color signals can be
sampled as LNS data at the beginning of MPEG encoding
and the conversion of output DCT data to integers can
be merged with variable length coding, the overhead is
not always necessary to put on the LNS DCT hardware.

8 Conclusion

This paper introduces two combined LNS adder/subtra-
ctor designs to share the table-lookup part of LNS adders
in a DCT algorithm by making use of properties of addi-
tion/subtractions in the DCT algorithm. Significant area
savings can be achieved when this technique is used on
the one-cycle and two-cycle DCT hardware for Chen’s al-
gorithm. This technique is suitable to reduce area and
consequently power consumption in portable devices.
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