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ABSTRACT

Simple algorithms can be analytically characterized, but
such analysis is questionable or even impossible for more
complicated algorithms, such as Model Predictive Control
(MPC). Instead, Monte Carlo Arithmetic (MCA) enables
statistical experimentation with an algorithm during runtime
for detection and mitigation of numerical anomalies. Pre-
vious studies of MCA have been limited to software float-
ing point. This paper studies how MCA can be used in an
FPGA implementation of the Logarithmic Number System
(LNS), forming the Monte Carlo Logarithmic Number Sys-
tem (MCLNS). Simulation studies present how MCLNS af-
fects the accuracy vs. performance of an MPC implemen-
tation, and synthesis results give an estimate of the cost of
utilizing MCLNS in a Xilinx Virtex-IV FPGA.

1. INTRODUCTION

Guaranteeing that a numerical algorithm is stable and gives
a result within a desired accuracy interval is a challenging
task, especially for elaborate algorithms. Usually the end
user of a processor that carries out the arithmetic operations,
works at a high level of abstraction; thus he/she is unaware
of the underlying limitations of the hardware and it is not
possible to determine how accurate the result of a computa-
tion is.

For a given input of a problem, the outcome produced by
an arithmetic algorithm lies within a certain distance from
the exact solution. This distance depends on many factors,
such as the precision of the representation of the hardware
carrying out the operations, the internal rounding method of
the hardware, the input data, and the algorithm itself. Al-
though there are analytic methods to evaluate the stability
and accuracy of numerical algorithms, these deal mainly
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with round-off and truncation errors and rely on bounding
the forward and backward error [1], which sometimes is
a pessimistic estimation. For complicated numerical algo-
rithms it is sometimes impossible to carry out this backward/
forward error analysis. Although it is important to be aware
of the stability properties of an algorithm, when instability
occurs there is no means to mitigate its effects, while ap-
pearances of catastrophic cancellation (which occurs when
almost identical numbers are subtracted resulting in an erro-
neous result in many significant digits) is unpredictable.

The accumulation of round-off errors is not too damag-
ing since it gives a result that lies in a certain radius around
the correct value, while underflows and overflows can be de-
tected and mitigated by a saturation policy. However, catas-
trophic cancellation is difficult to detect and to lessen its
consequences. In [2] Daumas and Matula present an ef-
ficient architectural design that guarantees one unit-in-the-
last-place (ulp) accuracy for a double-precision IEEE dot
product in the absence of catastrophic cancellation. The oc-
currence of catastrophic cancellation can only be detected
but it cannot be resolved in any way.

Forward/backward error analysis [1] has limitations, es-
pecially when it comes to complicated algorithms. These
limitations can be addressed by a new method, called Monte
Carlo Arithmetic (MCA), which is trying to address numer-
ical accuracy from a different perspective—by experimen-
tal calculations. MCA is introduced in [3] where it is pro-
posed the use of Monte-Carlo (MC) iterations to detect and
mitigate anomalies in Floating-Point (FP) arithmetic caused
by catastrophic cancellation and ill-conditioned problems.
This method can be used at both the software and the hard-
ware levels, and additionally it can give an approximation of
the correct result by avoiding the failure of the computation.
The main drawback is the inefficiency of MC iterations, but



this aspect can be included in the trade-off between reliabil-
ity and efficiency of an implementation.

The effects of round-off errors and catastrophic cancel-
lation become more pronounced as the precision is reduced,
such as in custom-designed hardware for specific applica-
tions. The reduction of the wordlength is done in order to
solve a problem with just sufficient accuracy to reduce the
area, the speed, and the power consumption of the circuit.
The direct drawback of the reduced accuracy is the increased
susceptibility of the circuit to round-off errors that accu-
mulate with consecutive arithmetic operations (especially
for ill-conditioned problems), and increased occurrence of
overflows and underflows. Another side effect of reduced-
precision arithmetic is the increased probability of the ap-
pearance of catastrophic cancellation.

In this work we study the effect of utilizing MCA in the
context of implementing Model Predictive Control (MPC)
[4] by using the Logarithmic Number System (LNS) [5].
MPC is an optimization-based control algorithm that recent-
ly has been shown to be advantageous for small-physical-
size and portable applications [6, 7]. Utilizing MPC requires
a hardware implementation capable of carrying the compu-
tational burden of the algorithm in real time on a reduced-
area footprint. In [8] an architecture is proposed based on
a microprocessor combined with a matrix coprocessor ca-
pable of efficient execution of the arithmetic operations of
an MPC algorithm in real time. For this implementation the
underlying hardware utilizes a 16-bit LNS unit to carry out
the arithmetic operations. This choice is based on the work
by Garcia et al. [9] where it was shown that a 16-bit LNS
unit offers enough accuracy for the particular cases studied,
while, without sacrificing performance, LNS occupies 40%
less area than the standard choice of a 16-bit FP unit.

The 16-bit wordlength, instead of the ubiquitous 64-bit
FP arithmetic, brings up the aforementioned problems of
catastrophic cancellation and round-off errors more inten-
sively. Using MCA in the software level with FP to address
these issues is covered in [3]. In this paper we study how
MCA can be used at the hardware level, and how a repro-
grammable FPGA allows us to experiment with the accu-
racy and the performance of an MPC algorithm that utilizes
Monte Carlo Logarithmic Number System (MCLNS).

In the next two sections we introduce the LNS and MPC
respectively. In Section 4 we describe how catastrophic can-
cellation and ill-conditioning are addressed by MCA. Sec-
tion 5 gives specific arithmetic algorithms for MCLNS mul-
tiplication and addition. Section 6 describes the LNS unit
that is used for the MPC algorithm, while Section 7 presents
the Pseudo-Random-Number Generator (PRNG) added to
the LNS unit to implement MCLNS and gives synthesis re-
sults for a Xilinx FPGA. Finally, conclusions are drawn in
the last section.

2. THE LOGARITHMIC NUMBER SYSTEM

MCA has been proposed and studied in conjunction with the
FP number system [3]. Since LNS acts as an alternative to
FP [5], MCA can be applied to LNS, where a real number,
X, is represented by the quantized logarithm of its absolute
value, z = Q¢ (log, | X|), where Q¢(-) rounds its input to
fit in f bits. The similarity to FP is apparent, since in LNS
the two’s-complement logarithm, x, consists of an integer
part (the counterpart of the exponent of a FP number), and
an f-bit fractional part (the counterpart of the FP mantissa).
In LNS, multiplication and division are reduced to addition
and subtraction, which is what makes LNS attractive.

Adding or subtracting in LNS is more elaborate since
these operations are calculated via

log,(X +Y) = max(r,y)+s(z) (D
logy(X —Y) = max(x,y)+ dp(2), (2)
where z = —|z — y|, sp(2) = Qf(log,(1 + b)), and

dy(z) = Q(log,(1 — b%)). The calculation of sums, sy,
and differences, dy, are the main computational burden of
an LNS arithmetic unit. The area to tabulate these functions
grows exponentially with respect to f. s;, and d}, converge to
zero for z — —o0, and after a specific point called essential
zero, e, ~ —f (or E, ~ 277 in the real domain), the func-
tions need not be tabulated: Vz < e, sp(z) = dp(z) = 0.

3. MODEL PREDICTIVE CONTROL

MPC is an advanced-control algorithm that uses a model of
the system under control to predict its future behavior and
to calculate a number of control moves in order to move the
plant to the desired state optimally with respect to a predeter-
mined criterion. MPC gained popularity because it can han-
dle multiple-input-multiple-output systems, and it can take
into account constraints and disturbances explicitly.

A typical objective function that has to be optimized has
the form:

P
Tp(t)=S" {ly(t + klt) = e (k)] + Rut + k[)*} ,(3)
k=0

lu(t + klt)] <b, k>0, 4)
where y(t + k|t) are the predicted future outputs of the sys-
tem attime ¢t + k (k = 1,2,...P) (P is called the prediction
horizon) calculated at time ¢, y,.¢(k) is the desired trajectory
of the output, u(t + k|t) are the calculated optimal control
moves of the system at time ¢ + k calculated at time ¢, R
is a design parameter used to weight the control moves, and
b is the vector of the constraints that the future inputs have
to obey. The number of control moves, M (M is called the
control horizon), can be smaller than P, and in this case only



the first M moves are calculated, while the rest, P — M, are
considered zero.

The optimization of the objective function (3) with re-
spect to u, under the constraints (4) can be calculated nu-
merically by using Newton’s optimization algorithm which
requires the calculation of the Hessian H(.Jp), the Gradient
V(Jp), and a Gauss-Jordan inversion in multiple iterations
of

u(t+1) =u(t) - H(Jp)"" - V(Jp), )
where
H(Jp) =Tu+ (2ul}; V) -1, (7)
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I is alength-M vector of ones, and I is an M x M identity
matrix. For a high-end workstation the solution of this prob-
lem may not be challenging, but for small-physical-scale ap-
plications the fact that the controller has to occupy reduced
area and meet real-time requirements may render a general-
purpose processor computationally inadequate for this prob-
lem. To address this issue in [8] a custom-designed architec-
ture is proposed that consists of a general-purpose proces-
sor and a matrix coprocessor implemented respectively as a
CPU core and an one-hot state machine synthesized on an
Xilinx FPGA. The computationally demanding parts of the
algorithm are executed on the matrix coprocessor, which has
an instruction set tailored to accelerate particular operations
of the algorithm. The microprocessor acts as the master on
the coprocessor by sending the appropriate commands, and
by carrying out the high-level (and with less computational
burden) operations of the algorithm. This is the system that
has been used to simulate the MPC with MCA for a case
study of an antenna-control problem taken from [10].

4. MODEL PREDICTIVE CONTROL WITH
MONTE CARLO ARITHMETIC

The appearance of either of the two problems of catastrophic
cancellation or ill-conditioned matrices can lead to the com-
plete failure of an MPC algorithm since the error can be
orders of magnitude off the correct value. Thus, for cases
where the safe operation of the system is extremely critical,
like the glucose regulation problem [7], there is a necessity
for a way to escape the failure of the algorithm, or at the
very least to detect the problem.

There is not a strict definition of MC iterations for arith-
metic. In general MC methods refer to the presence of some
kind of uncertainty in a simulation of an algorithm which is
carried out multiple times. The uncertainty gives different

results for different runs, and their average is considered the
final outcome of the algorithm.

In the MPC implementation in [8] the uncertainty is in-
troduced in the form of noise in every LNS multiplication.
If v = log, | X|, y = log, |Y] and r = z + y is the result
of the multiplication given by the LNS unit, the MC multi-
plication is # = 7 + J where ¢ is a variable with uniform
distribution in the interval [—27%,27!], where ¢ is a param-
eter. For example, if we apply these to the LNS unit used
in [8] that has [ = 9 fractional bits, and we choose ¢t = 9,
then § = [—279,279], which means the MC multiplication
affects only the Least-Significant Bit (LSB) of the LN'S mul-
tiplication.

The algorithm, with the inserted noise, gives slightly
different results each time it is executed. However, if the
algorithm is executed multiple times, the averaged results
of the MC iterations approximate the solution given by the
uncertainty-free or deterministic solution. Catastrophic can-
cellation can appear when using MC simulation the same
way it appears in the deterministic case, but since in each
MC iteration the operands are slightly different we can safe-
ly assume that catastrophic cancellation will not appear in
all MC iterations. In the iterations where catastrophic can-
cellation occurs, the result is very different compared to the
other iterations; a discrepancy is used as an alarm indica-
tion. This information is already valuable since it is known
that the result is wrong and it is better not to apply it to the
plant, for it may have unpredictable consequences. More-
over, the results produced in the presence of catastrophic
cancellation can be detected and rejected, and the control
move to be applied is chosen to be the average of the rest
of the MC iterations. Thus, this algorithmic approach offers
both detection of catastrophic cancellation and an estima-
tion of the correct control move to be applied to the plant.
If catastrophic cancellation occurs in the deterministic sim-
ulation of the algorithm; then no matter how many times it
is executed, the result is going to be the same. Deterministic
arithmetic can offer no indication whether something wrong
occurred or not.

The MC iterations can be applied in the same way in
cases that ill-conditioned matrices appear. It is arithmeti-
cally unstable to calculate the inverse of a matrix when the
condition number is large, and the injected uncertainty gives
inverses that are different from each other and different from
the one calculated by the deterministic algorithm. However,
the average of the inverses produced by the MC iterations
may be more accurate than the deterministic solution [3].

The immediate result of the introduced noise is the de-
terioration in the accuracy and the precision of the result.
This is depicted in Fig. 1 where the average error is pre-
sented on the input and the output of an antenna control
problem [10] compared to the solution given by double FP
arithmetic. The horizontal axis represents the optimization
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Fig. 1. Average error on the antenna control problem by the
deterministic LNS and MCLNS (P =5, M = 2).

iterations that Eq. (5) is executed in order to calculate one
control move. It is shown that after five iterations the best
error performance is achieved at the output, and it remains
relatively steady from that point on. In this simulation study
t =9, i.e., only the LSB of each LNS multiplication is af-
fected. The MC method only makes sense to be applied with
two or more iterations—only then it is possible to detect the
occurrence of catastrophic cancellation with the assumption
that it appears in only one of the two iterations. Addition-
ally, if it is desired to be able to reject the catastrophic can-
cellation and have a correct estimate of the result at least
three MC iterations are required—the two similar solutions
are averaged and the third, that is way different compared to
the other two, is rejected. The case of one MC iteration is
depicted in Fig. 1 just to give a visualization of the effect of
the injected MC noise.

The MC method causes a degradation in performance
by a factor equal to the number of MC iterations used, since
each optimization step is executed multiple times. Conse-
quently, in order to compare the accuracy achieved by the
deterministic case and the MC method we have to compare
cases equal in computational effort. Thus, the case of two
MC iterations with one optimization iteration is computa-
tionally equal to the case of two deterministic optimization
iterations, or the case of two MC iterations with two opti-
mization iterations is equal to the case of four deterministic
optimization iterations. When we compare equivalent points
in Fig. 1 it is observed that the MC method degrades the ac-
curacy of the algorithm, and this is the cost to be paid in
order to have detection and mitigation of numerical anoma-
lies.

It is obvious that, for a particular number of optimization
iterations, the more MC iterations the smaller the error, and
the bigger the computational effort. This is depicted in Fig. 2
where the error on the input and the output of the antenna
control problem is shown for up to ten MC iterations. The
choice of the appropriate number of MC iterations that need
to be used by a particular application depends on three fac-
tors. First of all is the required accuracy of the solution. The
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Fig. 2. Average error on the antenna control problem by the
MCLNS for MC iterations 1 to 10 (P =5, M = 2).

MC method cannot achieve the accuracy of the deterministic
case with the same computational effort, but the simulation
study presented helps to make the appropriate choice in or-
der to meet the accuracy requirement. Another factor is the
desired performance of the system which again can be cal-
culated by knowing the number of MC iterations required
by the particular problem. The performance is further de-
creased by the extra time required to process the multiple
MC results (calculate average, detect and reject catastrophic
results) which is only a fraction of the extra time required
by the multiple MC iterations, thus not that important. Last
but not least, is the probability of appearance of catastrophic
cancellations and the level of ill-conditioning of a matrix.

Catastrophic cancellation appears with a low probabil-
ity, thus it is usually safe to assume that in a certain number
of MC iterations it will appear in only one of them. Assum-
ing this, in order to detect catastrophic cancellation three
MC iterations are enough, since in only one of the three is
the result going to be different, which is easily detectable.
However, if it is assumed that catastrophic cancellation can
appear more than once in a number of MC iterations, then
we have to make the appropriate choice of iterations to guar-
antee detection. The detection of catastrophic cancellation is
not completely guaranteed by using MC iterations since the-
oretically it can occur in all MC iterations, but the more MC
iterations the bigger the probability that catastrophic can-
cellation will be detected. For ill-conditioned matrices the
criterion is different. The higher the condition number of a
matrix the more MC iterations are required in order to make
a better estimate of the correct inverse. This parameter can
be decided after simulation and assessment of the worst-case
condition number.

For the case study examined here a reasonable choice for
the MC method is to choose the case of 3 MC iterations and
4 optimization iterations, in order to achieve the same error
performance with the deterministic case. We can see that
the deterministic case achieves the best error performance
of 2.4 - 10~% after the threshold of 5 optimization iterations,
while the MC method requires 3 x 4 = 12 iterations.



5. MCLNS ALGORITHMS

Deterministic arithmetic is the standard implementation for
both FP and LNS. Even though there may be an infinite set
of bits in the exact value, deterministic arithmetic assumes
all the discarded bits (those beyond the f bits of precision)
are zeros. In the case of LNS, an arbitrary real value, X,
is converted to its finite base-b logarithmic representation,
x = Qy(log, | X|), which only records f bits of precision.

For multiplication (R = XY), deterministic LNS uses
a finite addition (r = x + y), where the resulting output
representation, r, has the same assumption of an infinite set
of discarded bits. For addition (R = X + Y), assuming
z > y, from (1) deterministic LNS produces the result as
r = x+sp(y—x). There are two possible cases: when x and
y are close (Jy — z| < f) versus when x and y are far apart:
(ly—=| > f). In the former case, s;(y—2z) is nonzero so r >
x, which makes the machine state change to reflect the sum.
In contrast, the latter case (the essential-zero case), sp(y—1)
rounds to zero so that » = x, which means the machine
state remains unchanged. The hardware “forgets” that the
sum happened. The solution in deterministic arithmetic to
overcome this is to increase f, which causes a corresponding
increase in hardware cost.

Monte-Carlo arithmetic takes a different approach. Like
deterministic LNS, MCLNS stores f bits of precision. The
difference is that we assume the infinite set of truncated bits
form an unbiased random value. For MCLNS multiplica-
tion, the random part of the result, &,,, is not recorded, but
instead assumed to come from the same distribution as the
inputs. Thus, MCLNS requires finding &, such that &, =
&z + &y — & can match that distribution, which is equivalent
to

PE, +&>277"Y = pPE. =27 =025
P&+ &l <2777 P(& =0)=0.5
P+ & <—277"Y = P =-277)=025.

In other words, the hardware computes r = = + y + &,
which means the result rounds up one quarter of the time
at random; the result rounds down one quarter of the time at
random; and the rest of the time the result would be identical
to deterministic LNS.

MCLNS addition reduces the hardware cost of overcom-
ing the “forgotten sum” problem in the essential-zero case
(x —y > f), where sp(z) = 0 since log,(1 + b*) has
more than f leading zeros. Roughly speaking, the number
of leading bits that are zeros in log, (1 + b%) is |z — y].
The only case in which this tiny log, (1 + b*) impacts the
bits that are actually stored in MCLNS is when the lead-
ing |x — y| — f bits of &, are all ones. The probability
of this is P(&, = 2=7) ~ 2~ (l#=v]=f) Because addi-
tion of like signs always produces a larger absolute sum,
P& = —277) = 0. The MCLNS essential-zero case

causes the machine state to change at random. In the close
case (|[y—x| < f), we simply choose &, as in the multiplica-
tion case. Similar cases apply to d, including one involving
catastrophic cancellation.

6. THE LNS UNIT

The simulation study presented in Section 4 was carried out
in order to estimate the impact of using MCLNS with MPC.
The implementation choice of the LNS unit is critical due to
the tradeoffs among area, latency, and accuracy offered by
alternative techniques. Since MCA causes precision degra-
dation, it is of great benefit to choose an implementation that
offers the best accuracy.

The precision of an LNS unit is constrained by the mem-
ory size for s, and dp. For the same accuracy, d; requires
more memory due to its singularity at zero; thus it is com-
mon to relax the accuracy of dj, close to zero to reduce area.
The publicly-offered LNS VHDL libraries [11] (which in-
clude the implementation techniques of multipartite-tables
[12] and Single-Multiplication-Second-Order (SMSO) in-
terpolation [13]) follow this relaxation approach. Since ac-
curacy is important for MCLNS, we chose to use a more
accurate variation of the VHDL libraries in [11] which is
described in [14] and is based on the “Improved LNS Co-
transformation” [15]. Cotransformation achieves the same
accuracy for both s, and d;, with a reduction in the circuit
area compared to [11]. With cotransformation the evalua-
tion of the d, function is done via the s; function and three
smaller tables, which overall offer a smaller memory size
than the explicit calculation of the d;, function. The s; can
be evaluated by any of the multipartite-tables or the SMSO
techniques.

7. SYNTHESIS WITH PRNG UNIT

Since the objective is to implement MCLNS in hardware,
a PRNG is required to provide the random numbers used
as noise. We use a triple-Tausworthe 32-bit Uniform-RNG
(URNG), described by Lee et al. [16], who claim it has good
randomness and throughput/area ratio. Although the 32-
bit wordlength of the URNG is large for MCLNS libraries
with f = 7 to f = 13, this size makes it unlikely parallel
LNS units will have problems with correlated pseudoran-
dom noise.

The publicly-available VHDL libraries in [11] encom-
pass deterministic LNS operators implemented by the multi-
partite-table method for f = 7 to f = 13 and with the
SMSO method for f = 10, f = 11 and f = 13. The deter-
ministic units were improved to use cotransformation [14].
This deterministic LNS library was synthesized along with
a novel version that incorporates the above MCLNS and
URNG hardware using Xilinx Webpack 9.1i with a Virtex-



Table 1. Synthesis results of the LNS and MCLNS units.

f LNS MCLNS | extra || LNS MCLNS
CLBs CLBs % ns ns
M| 7 229 266 16.2 || 16.9 17.0
u 8 302 340 126 || 17.8 17.9
1 9 407 446 9.6 19.0 18.6
t 10 609 640 5.1 20.0 20.0
i 11 696 745 7.0 22.2 21.5
12 918 961 4.7 23.4 22.9
13 || 1421 1482 4.3 24.9 23.8
S || 10 589 651 10.5 || 25.0 24.3
M| 11 686 721 5.1 24.8 23.5
S || 13 || 1280 1319 3.0 27.6 26.7
(0]

IV FPGA for different values of f. The Configurable-Logic-
Unit (CLB) increase, compared to [14], due to integrating
this URNG unit in the LNS adder/subtractor, is presented
in Table 1 for both the multipartite-table (upper seven lines)
and the SMSO (lower three lines) methods. The percent-
age difference between MCLNS and deterministic LNS de-
creases as [ increases. This difference would be smaller if
the URNG was tailored to the wordlengths of the LNS units.
The impact on the Critical Path in ns is practically insignifi-
cant.

8. CONCLUSIONS

MCLNS is a new arithmetic alternative that combines the
easy multiplication and division of LNS with the statisti-
cal and experimental benefits of MCA to observe the nu-
merical stability of complex algorithms that need to execute
quickly on resource-constrained FPGA systems. MPC is
an advanced control algorithm, for which we have imple-
mented an FPGA-based LNS matrix processor [8], which
benefits from the analysis possible with MCLNS. The FPGA
synthesis results show that for all but the lowest precision,
the cost of adding a random number generator to implement
MCLNS is small compared to the total FPGA resources re-
quired just for LNS. The MCLNS VHDL code, which is an
enhancement of [11], is available at http://www.cse.
lehigh.edu/~caar.
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