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Introduction 

Image registration aims to spatially align one image to another and establish point-to-

point correspondences between the images. It is an active and important topic of research in 

medical image analysis because of its numerous applications including change detection in 

longitudinal studies, multi-modal image fusion, motion correction in time series, image-guided 

intervention, anatomical atlas generation and group analysis.   Registration happens at both 

global and local levels. Global registration methods recover parameters of a global 

transformation model, such as rigid and affine, to account for global differences such as 

translation, rotation, and scaling.  In many cases of medical image registration, local registration 

that utilizes an elastic or non-rigid deformation model is also required to cope with local 

differences between the images.  Such local differences are due to, for examples, scanner-

induced deformations, movement and/or respiratory motion of the patient, surgical intervention, 

or different anatomy (e.g. in atlas generation).  This chapter will review the fundamentals of 

medical image registration, and describe a novel efficient non-rigid image registration method.  

The method is based on finding salient region-feature correspondences between images and 

solving for parameters of a Free Form Deformations (FFD) model in closed form.  

Background 

There has been intensive research on image registration [Collignon et al. 1995, Viola et al. 

1995, Maes et al. 1997, Can et al. 2002, Hartkens et al. 2002, Keller et al. 2003, Deligianni et al. 

2006] and the proposed methods differ in two main aspects.  One aspect is Transformation, 

which refers to the selected global, local, or hierarchical (global-to-local) geometric 

transformation model, used for transforming a moving image to achieve high spatial 

correspondence with a fixed image.  Global transformation models apply to an entire image; and 

examples are rigid, similarity, affine and perspective.  Local transformation models can represent 

pixel-wise deformations that deform an image locally and non-rigidly; and examples include 

optical flow [Paragios et al. 2003], Thin Plate Splines (TPS) [Chui et al. 2000], Radial Basis 

Functions [Fornefett et al. 1999], and space deformation techniques such as Free Form 

Deformations (FFD) [Huang et al. 2006, Rueckert et al. 1999].  Hierarchical models that 

typically consist of a global transformation followed by local deformations are also popular since 

they cover the entire transformation domain. The other aspect in registration is the Registration 

Criterion, which is the approach used to recover optimal transformation parameters.  One can 
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classify existing approaches into three categories: feature-based methods, intensity-based 

methods, and hybrid methods that integrate the previous two.  Feature-based methods [Thirion et 

al. 1996, Maurer et al. 1998, Can et al. 2002] establish explicit correspondences between sparse 

geometric features such as points, curves, and/or surface patches and then estimate the optimal 

transformation parameters based on these correspondences.  These methods are relatively 

efficient and can register images in arbitrary poses, although there are concerns on the robustness 

of feature extraction and correspondence computation.  Intensity-based registration methods 

[Viola et al. 1995, Collignon et al. 1995, Rueckert et al. 1999, Maes et al. 1998] operate directly 

on pixel intensity values from the full image content, and iteratively solve for optimal 

transformation parameters that would minimize a dissimilarity (or maximize a similarity) energy 

function defined on the two images.  These methods do not require feature extraction and can be 

made fully automatic, thus they are widely used in medical image registration applications; they 

can also register images of multiple modalities (e.g. CT & MR, CT & PET, MR & PET) by using 

appropriate similarity measures. The most commonly-used similarity measures include Mutual 

Information [Viola et al. 1995] and Normalized Cross Correlation [Goshtasby et al. 1984].  

Intensity-based methods often tend to be more computationally expensive than feature-based 

methods however, due to the use of full image content and the need for optimization on complex, 

non-convex energy functions.  In recent years, hybrid methods are also proposed to integrate the 

merits of both feature-based and intensity-based methods.  Most hybrid methods [Shen et al. 

2002, Hartkens et al. 2002, Keller et al. 2003] focus on incorporating user-provided or 

automatically-extracted geometric feature constraints into intensity-based energy functions to 

achieve smoother and faster optimization.  Some [Huang et al. 2004] extract scale-invariant local 

region features instead of point features so that robust similarity measures (including those 

capable of multi-modal registration) can be applied to matching the interior intensities of region 

features and finding reliable correspondences. 

 Challenges remain in image registration to cope with conditions such as structure 

appearing/disappearing, intensity differences in multi-modal images, image noise, intensity 

inhomogeneity, and partial matching.  Particularly in nonrigid (or elastic) registration, most 

state-of-the-art methods are intensity-based methods that are too slow to be useful in clinical 

applications, because the number of transformation parameters (i.e. degrees of freedom) to be 

estimated is very large. To address these challenges, we propose a novel hybrid method for 
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nonrigid image registration. The method is very efficient, in that it utilizes sparse salient region 

feature correspondences to estimate both global rigid transformation and local deformation field 

in closed form. The local deformations are represented by a Cubic B-spline based Free Form 

Deformations (FFD) model, which offers compact support so that registration can be locally 

constrained which especially allows to deal with local changes in medical images due to, for 

instance, tumor resection.  In a multi-resolution manner, the method can also recover small to 

large non-rigid deformations.  The resulting deformation field gives one-to-one mapping 

between the two images being registered and the field is smooth with guaranteed C
1
 continuity at 

FFD control points and C
2
 continuity everywhere else.  We demonstrate this new approach on 

registering MR brain images. 

Fast Non-rigid Image Registration using a Closed-form FFD Solution 

This registration method is a hybrid framework that generally comprises the following steps. 

1. Salient Region Feature Extraction.  Detecting scale-invariant salient region features on 

the fixed image and on the moving image; 

2. Feature Correspondences and Rigid Alignment.  For every feature Xi on the fixed image, 

find its corresponding feature Xi
’
 on the moving image, by matching the region-feature 

interior intensities using intensity similarity measures such as Mutual Information (MI) 

and Squared Normalized Cross Correlation.  Outlier correspondences are pruned 

according to geometric constraints between features.  The resulting region-feature 

correspondences are used to estimate a global rigid transformation that brings the moving 

image to global alignment with the fixed image; 

3. Closed-form FFD Solution for Non-rigid Registration.  In order to accurately recover the 

many parameters in a local free-form deformation (FFD) model, more geometric features 

including corner features are extracted on the globally-aligned moving and fixed images. 

Corner feature correspondences are established by local search and neighborhood 

similarity matching.  Then the salient-region-feature correspondences from step 2, 

together with the newly detected corner-feature correspondences, are used to solve for a 

dense deformation field that establishes point-to-point correspondences between the 

moving and the fixed images. The deformation field is represented using a Cubic B-
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spline based FFD model, whose parameters are estimated in closed-form from feature 

correspondences. 

Salient Region Feature Extraction. 

Scale-invariant salient region features on an image are found using an entropy-based detector 

[Kadir et al. 2001], which selects regions with highest local saliency in both spatial and scale 

spaces.  For each pixel x on an image, let us consider a local circular region, R(s, x), of certain 

scale described by radius s and centered at pixel x.  An intensity probability density function, p(s, 

x), is computed from all the pixel intensities within the circular region. Then the differential 

entropy of intensities in this local region is defined by: 

dispspsH ii ),(log),(),( 2 xxx ∫−=  

where i takes on values in the set of possible intensity values, and pi(s, x) is the probability of 

intensity value i in the local region.  The “best” scale of the local region centered at x is selected 

as the one that maximizes the local region entropy: ),(maxarg xx sHS s= .  The saliency value, 

A(Sx, x), for the region with the best scale is defined by the extreme entropy value, weighted by 

the best scale and a differential self-similarity measure in the scale space:  

∫ ∂
∂⋅⋅= diSsp
s

SSHSA i xxxx xxx ),(),(),(  

Since the saliency metric is applicable over both spatial and scale spaces, the saliency values of 

region features at different locations and scales are comparable.  After computing the best scale 

and saliency value at every pixel in the image, we extract salient region features as those local 

regions centered at pixels with local maxima saliency values.  The scale (or radius) of a salient 

region is defined by the best scale associated with the pixel at its center.  The main advantages of 

such extracted region features are that they are theoretically invariant to rotation, translation and 

scaling, and their interior areas provide intensities that can be matched using intensity-based 

similarity measures.   Examples on salient region features can be seen in Figure 1(II). 

Feature Correspondences and Rigid Alignment. 
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To detect salient-region-feature correspondences between the fixed image and the moving image, 

a matching algorithm not only evaluates the likelihood of each hypothesized fixed-moving 

pairing of features, but applies geometric constraints (e.g. relative position and orientation) 

between features to ensure the global consistency of individual matches and thus eliminates false 

feature matches.  Given a pair of region features, (fi, mj),  where fi is the ith feature on the fixed 

image f, and mj is the jth feature on the moving image m, the likelihood of this pairing being a 

true correspondence is determined by the intensity similarity between the two features.  We 

measure such similarity using Normalized Mutual Information (NMI), which can cope with 

multi-modal matching.  Suppose the intensity random variable of region fi is I1, and the intensity 

random variable of region mj is I2.  Denote the intensity probability density function (p.d.f.) of fi 

as 
if

p , the p.d.f. of mj as 
jmp , and the joint p.d.f. of fi and mj as 

ji mfp ,
.  Let the differential 

entropy of intensities in region fi be: 

1121 )(log)()( dIIpIpfH
ii ffi ∫−= , 

the differential entropy of intensities in region mj be: 

2222 )(log)()( dIIpIpmH
jj mmj ∫−= , 

and the joint entropy between intensities in region fi and intensities in region mj be: 

2121,221, ),(log),(),( dIdIIIpIIpmfH
jiji mfmfji ∫∫−= , 

Then the normalized mutual information between fi and mj is defined by: 

)()(

),(2
2),(

ji

ji

ji
mHfH

mfH
mfNMI

+
−=  

We make the NMI measure invariant to translation, rotation, and scaling, by aligning the two 

region centers in a local coordinate system, normalizing their scales by supersampling the 

smaller region to match the scale of the larger region, and taking the maximum NMI value under 
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all possible rotations. (In practice, we sample the rotation parameter space and take the 

maximum NMI value under all sample rotations.)  Once having the NMI value computed for 

every hypothesized fixed-moving feature pair, we take the pairs with the greatest NMI values to 

be top candidate correspondences.  Feature correspondences found this way are shown in Figure 

1(III.a-b).  We then apply a generalized Expectation-Maximization algorithm [Huang et al. 2004] 

to prune outliers in the detected individual feature correspondences and estimate a rigid 

transformation that transforms the moving image m to be globally aligned with the fixed image f 

(see Fig. 1(III)).  

Closed-form FFD Solution for Nonrigid Registration. 

In order to estimate robustly a local deformation field and establish dense point-to-point 

correspondences between m and f, we need as many reliable feature correspondences as possible. 

Thus in addition to the salient-region-feature correspondences above, we apply the Harris corner 

detector [Harris et al. 1988] to extract corner features on the moving and the fixed images.  Since 

m and f are now globally aligned, correspondences between corners on m and on f are established 

by local search and normalized cross correlation.  Now given the set of feature (including region 

and corner feature) correspondences between m and f, and representing the local deformations 

using a Cubic B-spline based Free Form Deformations (FFD) model, we can solve an inverse 

inference problem to recover parameters of the optimal FFD deformation field that can explain 

the position displacements between corresponding features.  

FFD is a space warping technique that deforms an image by manipulating a regular 

control lattice P overlaid on its volumetric embedding space [Rueckert et al. 1999, Huang et al. 

2006].  To facilitate notation, we describe FFD in the 2D case.  Let us consider a regular lattice 

of control points , , ,( , ); 1,..., , 1,...,x y

m n m n m nP P P m M n N= = = , overlaid to an image domain 

Γ={x}={(x,y)| lx≤x≤hx, ly ≤ y≤hy}.  Denote the initial regular configuration of the control lattice as 

P0, and the deforming control lattice as P=P0+δP.  The parameters of FFD are the deformations 

of the control points in both x and y directions; 

, ,{( , )};( , ) [1, ] [1, ]x y

m n m nP P m n M Nδ δΘ = ∈ ×  
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Given the deformation of the control lattice from P0 to P, the deformed location L(x)=(x',y') of a 

pixel x=(x,y) , is defined in terms of a tensor product of Cubic B-splines [Huang et al. 2006]:   

))(()()()( ,

3

0

3

0

0

, ljki

k l

ljkilk PPvBuBLL ++
= =

++ +=+= ∑∑ δδ xxx  

In the definition, Pi+k,j+l; k=0,…,3, l=0,…,3, refer to the coordinates of the nearest sixteen (4 by 4) 

control points in the neighborhood of pixel x;  )1(),1( −⋅












−
−

=−⋅








−
−= N

lh

ly
jM

lh

lx
i

yy

y

xx

x  are the 

smallest x and y indices of control points in the neighborhood;  and Bk(u) is the kth, and Bl(v) is 

the lth basis function of Cubic B-splines.   

Based on the linear precision property of B-splines, the initial coordinates of the 

pixel ∑∑
= =

++=
3

0

3

0

0

,)()(
k l

ljkilk PvBuBx .  Thus the displacement of pixel x, given FFD control lattice 

deformation from P0 to P, is: 

ljki

k l

lk PvBuBLL ++
= =
∑∑=−= ,

3

0

3

0

)()()()( δδ xxx  

Suppose we have a number of n feature correspondences nccc ,...,1);',( =xx , where c is 

the index of a feature pair.  ),( ccc yx=x  is the center location of a (region or corner) feature on 

the fixed image, and )','(' ccc yx=x  is the center location of the feature’s correspondence on the 

globally-aligned moving image.  Assuming that under the correct local deformations, 'cx  equals 

the deformed location of xc which is )()( ccc LL xxx δ+= , and considering that the process of 

finding the correspondences introduces errors in real applications, our approach of non-rigid 

registration aims to find a closed-form solution for the Ordinary Least-Squares problem: 

∑
=

−
n

c

cc L
P 1

)('
min

xx
δ

.   The solution can be derived by solving a system of linear equations 

expressing the model: 
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 U=Sp 

where U is the displacement matrix between the correspondence pairs: 

 

1

' '

1 1 1

' '

2 2 2 2

' '

2

,

n n n n n

x x y y

x x y y
U

x x y y
×

 − −
 − − =
 
 

− − 

M M
 

S is the Cubic B-spline basis matrix: 

1 1 1 1 1 1 1 10, 1, 2, 3,

0, 1, 2, 3,

0, 1, 2, 3,

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] ,

[ ] [ ] [ ] [ ]

c c c c c c c c

n n n n n n n n

i j l i j l i j l i j l

i j l i j l i j l i j l
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b b b b

b b b bS

b b b b
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+ + + + + + + +
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And p consists of the FFD parameters in a matrix:  

   =p  
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1,2 1,2
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1, 1,
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3, 3,

, , (

[ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]
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c c c c

c c c c

c c c c

x y

x y

x y

i j l i j l

x y
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x y
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x y

i j l i j l

x y
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P P

P P

P P

P P

δ δ
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In both the B-Spline basis matrix S and the FFD parameter matrix p , c refers to the index of a 

corresponding feature pair (c=1,…n), and (ic, jc ) are the smallest control-point indices, along x 

and y directions, among all the indices for the sixteen control points in the neighborhood of 

feature location xc.  Also in matrix S, ,[ ]
c ci k j lb + +  is the abbreviation for: 

, 0 1 2 3[ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .
c ci k j l k c c k c c k c c k c cb B u B v B u B v B u B v B u B v+ +

 =  
 

 

In the FFD parameter matrix p , ,[ ]
c ci k j lPδ + +  is the abbreviation for: 

, 0

, 1

,

, 2

, 3

[ ] ,

c c

c c

c c

c c

c c

i k j

i k j

i k j l

i k j

i k j

P

P
P

P

P

δ
δ

δ
δ
δ

+ +

+ +
+ +

+ +

+ +

 
 
 =  
 
 
 

 

Note that the column indices of ,[ ]
c ci k j lb + +  in matrix S are the same as the row indices of 

,[ ]
c ci k j lPδ + +  in matrix p.  Thus, based on this parametric FFD model, a closed form solution for 

the control lattice deformation can be solved efficiently utilizing Singular value Decomposition 

(SVD) as: USp += , where S
+ 

is the pseudo-inverse matrix of S.   

Experiments and Validation 

This new image registration approach is very efficient because it solves for both rigid and non-

rigid transformations in closed form, avoiding expensive iterative optimizations in traditional 

intensity-based methods.  With elaborate feature detection and correspondence finding 

mechanisms, the method is also fairly accurate.  The resulting deformation field has been 

demonstrated to be globally smooth, and minimizes the distance between target features on the 

fixed image and their corresponding features on the moving image after deformation.  Because 

FFD has local compact support, any outlier correspondence would only have very local influence 

on the deformation field.  Figure 2 shows feature correspondences and the estimated FFD 

deformations for an exemplary image of the brain. In this example, the moving image is a 

phantom image generated by artificially deforming the regular FFD control lattice overlaid on 
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the fixed image.  Accordingly, the ground-truth deformed control lattice that originally generated 

the moving image is known.  By comparing the deformation field recovered by the proposed 

registration method with the ground truth deformation, the accuracy of the registration method is 

known.  Figure 2 (III) demonstrates such comparison of the estimated space deformation and 

ground truth deformation for the exemplary brain image. 

 

Future Trends 

It remains challenging for intensity-based registration methods that are in use today to (1) 

improve efficiency of the optimization process, and (2) register images in arbitrary poses and be 

less dependent on the initial pose (i.e. transformation) estimate that starts the iterative parameter 

estimation.  Hybrid image registration methods that combine the merits of intensity-based and 

feature-based methods have good potential in addressing these challenges as well as in tackling 

difficulties such as partial matching and multi-modal registration.  In one direction, user-

provided or automatically-extracted geometric features are integrated as part of an intensity-

based energy function [Shen et al. 2002, Hartkens et al. 2002, Keller et al. 2003].  This approach 

stems from the observation that pixels in an image should not be treated equally during 

registration, so by adding feature-based energy terms, those salient features such as edges or 

corners are given higher weight during optimization.  Having both intensity and feature based 

terms in one energy function, however, raises the question on how to balance their respective 

contributions.  In another direction, much similar to the method proposed in this chapter, an 

overall feature-based framework is followed where features are extracted, correspondences are 

pursued and then transformations are estimated according to correspondences.  Improvements 

will come in the type of features to use and on how to exploit geometric and knowledge-based 

prior constraints to eliminate outlier correspondences [Huang et al. 2004].  The salient-region 

features in this chapter, for instance, allow for multi-modal intensity-based similarity measures to 

be applied to matching features.  Scale-invariant Feature Transform (SIFT) [Lowe 2004] and 

other types of scale- or affine-invariant image patches [Mikolajczyk et al. 2005] are also good 

candidates for the choice of features.  In terms of finding correspondences, SoftAssign [Chui et 

al. 2000], RANSAC [Fischler et al. 1981], Expectation-Maximization [Huang et al. 2004] are 

some examples of robust matching; it is important to explore how to design the optimal matching 

scheme for a particular type of feature.  And given correspondences, there are mature techniques 
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based on Ordinary or Weighted Least-Squares estimators [Can et al. 2002, Huang et al. 2006] for 

global rigid transformations.  In this chapter we have shown how to estimate the non-rigid 

deformations using a closed-form FFD solution, and other non-rigid methods describe 

deformation estimation using Thin Plate Spline [Chui et al. 2000] or Radial Basis Function 

[Fornefett et al. 1999] models. 

 

Conclusion 

We presented a novel method for efficient and robust non-rigid image registration.  

Instead of traditional point or edge features, the method extracts scale-invariant salient region 

features whose interior intensities can be matched using multi-modal similarity measures such as 

Mutual Information.  Geometric constraints are applied in an Expectation-Maximization 

framework to prune outlier feature matches.  Given feature correspondences, both the global 

transformation and non-rigid local deformations can be estimated in closed form as solutions of 

well-defined Ordinary Least-Squares problems. This method represents a new trend of hybrid 

image registration, which combines the efficiency and better invariance properties of feature-

based registration with the robustness and multi-modal capability of intensity-based registration. 
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Terms and Definitions 

Image Registration – is the process of transforming different sets of image data into one 

coordinate system and establishing point-by-point correspondences between the images.  

Registration is necessary to compare or integrate data acquired at different times or from 

different measurements. Medical image registration often requires nonrigid (or elastic) 

registration to cope with elastic deformations of the body parts imaged.  Nonrigid registration of 

medical images can also be used to register a patient’s data to an anatomical atlas. 

Transformation Model – A transformation model represents in mathematics terms a geometric 

mapping of one space (or coordinate system) onto another or onto itself.  Transformation can 

cause some or all of the elements in an image or a shape to change its current location. Such 

transformations include global effects such as translation, rotation, scaling, and local effects such 

as nonrigid warping and various specialized deformations. 

Closed-form Solution - In Mathematics, an equation or a system of equations is said to have a 

closed-form solution if, and only if, at least one solution can be expressed analytically in terms of 

a bounded number of certain well-known functions. Typically, these well-known functions are 

defined to be elementary functions built from a finite number of exponentials, logarithms, 

constants, one variable, and roots of equations through composition and combinations using the 

four elementary operations (+ - × ÷).  

Least Squares - Also known as Ordinary Least Squares (OLS) analysis, is a method to 

determine the value of unknown quantities in a statistical model by minimizing the sum of the 

residuals (i.e. the difference between the predicted and observed values) squared.  Many types of 

optimization problems can be expressed in a least squares form, by either minimizing energy or 

maximizing entropy. Weighted Least Squares (WLS) is similar to OLS, but instead of weighting 

all points (or values) equally, they are weighted such that points with a greater weight contribute 

more to parameter fitting. 

Modality - The type of input in image acquisition. For instance, black-and-white, color and 

infrared are three different modalities for the acquisition of a natural image.  In medical imaging, 

common modalities include Computed Tomography (CT), Magnetic Resonance (MR) Imaging, 

Positron Emission Tomography (PET), among others. 
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Figure Legends 

Figure 1. Registration of a pair of brain images using salient region features and feature 

correspondences.  (I.a) Original PD-weighted MR brain image. (I.b) Original T1-weighted MR 

brain image. (II.a) The fixed image f. (II.b) Salient region features on f. (II.c) The moving image 

m. (II.d) Salient region features on m. (III.a-b) Feature correspondences selected by the 

Expectation-Maximization algorithm for global registration.  (III.c) The transformed moving 

image t that matches with f. (III.d) Edges from t superimposed on the fixed image f. 

 

Figure 2.   Non-rigid image registration and validation of the estimated deformation field.  (I)  

Region and corner feature-center points on the fixed image (left), and corresponding feature-

center points on the moving image (right). Corresponding points between the two images are 

noted by the example numeric labels.  (II) Non-rigid registration result; fixed image (II.a), 

deformed moving image after registration which has point-by-point correspondence with the 

fixed image (II.b), and the original moving image (II.c).  (III) Comparison of the estimated space 

deformation field (drawn in green) and the ground truth deformation (drawn in red). 

 

 

 

 

 

 

 



 

 

17  

 

 
 

 

Figure 1  
 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

18  

 

 
 

 

 Figure 2  

(I) 

(II) 

(III) 

Features on fixed image Corresponding features on moving image 


