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On the Representation of Shapes
Using Implicit Functions

N. Paragios1, M. Taron 2, X. Huang3, M. Rousson4

and D. Metaxas5

ABSTRACT In this chapter, we explore shape representation, registration and mod-
eling through implicit functions. To this end, we propose novel techniques to global
and local registration of shapes through the alignment of the corresponding distance
transforms, that consists of defining objective functions that minimize metrics be-
tween the implicit representations of shapes.
Registration methods in the space of implicit functions like the Sum of Squares Dif-
ferences (SSD) that can account for primitive transformations (similarity) and more
advanced methods like mutual information that are able to handle more generic para-
metric transformations are considered. Toward addressing local correspondences we
also propose an objective function on the space of implicit representations where
the displacement field is represented with a free form deformation that can guar-
antee one-to-one mapping. In order to address outliers as well as introduce confi-
dence in the registration process, we extend our registration paradigm to estimate
uncertainties through the formulation of local registration as a statistical inference
problem in the space of implicit functions. Validation of the method through various
applications is proposed: (i) parametric shape modeling and segmentation through
active shapes for medical image analysis, (ii) variable bandwidth non-parametric
shape modeling for recognition and (iii) object extraction through a level set method.
Promising results demonstrate the potentials of implicit shape representations.

1 Introduction

Shape modeling is a critical component in various applications of imaging and
vision with registration[54] being its most challenging aspect. In the most gen-
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eral case, given a source and a target shape registration consists of recovering a
transformation that creates some correspondence between the two shapes. Seg-
mentation, recognition, indexing and retrieval, tracking and animations are some
examples where registration is needed. Often, segmentation consists of deform-
ing a prior shape model to the image while recognition consists of element-wise
comparison between structures of interest that were aligned. Similar concept is
applicable when addressing indexing and retrieval, while tracking can be formu-
lated as a registration problem [58] of the target from one image to the next.

Global registration, refers to parametric transformations with a small number
of degrees of freedom, while non-rigid local registration aims to establish dense
correspondences between the two shapes and in principle can have an infinite
number of parameters. The importance of shape registration/modeling in com-
putational vision was a motivation for researchers and therefore one can find a
vast prior art [1, 2, 11, 13, 15, 34, 43, 59]. Given the definition of the registration
problem, one can classify existing methods according to three aspects: (i) repre-
sentation for the structures of interest, (ii) nature of plausible transformations, and
(iii) mathematical framework used to recover the optimal registration parameters.

1. Shape representationrefers to the selection of an appropriate representa-
tion for the shapes. Clouds of points [1, 11], parametric curves & surfaces
[15], Fourier descriptors [48], medial axes [44], and implicit distance func-
tions [34] were considered.

2. Transformation can be either global or local. Global parametric models
like rigid, similarity, affine and perspective among others, are applicable to
the entire shape. On the other hand, local alignment is defined at the local
shape element level and used to represent non-rigid deformations leading
to dense correspondences between shapes; optical flow [7, 34], Thin Plate
Spline (TPS) [1, 11], and space deformation techniques such as Free Form
Deformations (FFD) [42, 45] are some examples.

3. Registration criterion is a mathematical framework used to recover the op-
timal registration parameters given the shape representation and the nature
transformation. One can find in the literature two dominant techniques: (i)
estimation of explicit geometric feature correspondences that are used in a
second stage to determine the transformation parameters [1, 2, 11, 59], and
(ii) recovery of the optimal transformation parameters through the mini-
mization of an objective function [7, 12, 34, 55].

Point clouds is a quite popular and rather intuitive generic shape representa-
tion [1, 11] with certain strengths and numerous limitations. On one hand one can
adopt certain freedom on the shape topologies either on 2D or in 3D while on the
other hand the sampling rule used to determine the number of shape basic ele-
ments as well as their distribution can have a substantial effect on the registration
process. In particular when addressing local registration one should be cautious
toward introducing similar or quite dense representation both for the source and
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FIGURE 1.Registration Pipeline; (i.1) implicit representations of the source and the tar-
get, (i.2) rigid registration, (i.3) affine registration, (ii.1) free form deformation of the grid,
(ii.2) local correspondences between the source and the target, (ii.3) uncertainties esti-
mates of the registration process.

the target shape. In the opposite case correspondences could be meaningless in
the presence of improper sampling and lead to erroneous registration results.

Parametric curve representations of shapes [15, 28] are more appropriate selec-
tions at least in the case of 2D & 3D that could provide meaningful correspon-
dences since shape structure could be recovered through efficient interpolation
techniques with the expense of being quite inefficient when handling complex
topologies or shapes in higher dimensions. Fourier descriptors [48] and medial
axis [44]while being promising shape representations to measure similarity be-
tween shapes they become quite inefficient for registration and in particular when
seeking local correspondences between the basic shape elements that is in the gen-
eral the case for parametric representations. Local correspondences require proper
selection of the basis elements, the position and the number of control points that
in order to be optimal has to be shape-driven and cannot be done a priori.

Rigid (translation and rotation), similarity (translation, rotation, and isotropic
scaling) and affine (translation, rotation, isotropic or anisotropic scaling, as well
as shearing) are the most frequent models to address global registration. The case
of local registration is more complex since the number of constraints is inferior to
the number of parameters to be recovered. Therefore additional constraints are of-
ten introduced like in the case of optical flow estimation through a regularization
process. However, shape registration is a different problem that optical flow es-
timation since advanced regularization and smoothness constraints [7, 34] could
fail to preserve the topology of the source shape while at the same time cannot
guarantee an one-to-one mapping. Such a limitation can be addressed at some
partial fashion through a thin plate spline (TPS) model [1, 11] with expense of re-
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covering explicit correspondences between landmark points along the source and
the target shape. Once such correspondences are recovered, one can estimate the
local deformation field through a TPS interpolation on the landmarks. Selection
of landmark points as well as establishing correspondences between these points
are the most challenging steps within such an approach.

Numerous shape alignment methods were proposed to address global as well as
local registration. The use of explicit feature correspondences toward estimating
the transformation [1, 59, 2, 11] is the most primitive approach to recover regis-
tration parameters through robust optimization techniques. Such an approach is
rather sequential and therefore it heavily depends on the feature extraction pro-
cess. Furthermore, the registration problem can become under-constrained, espe-
cially in the case of non-rigid registration when many reliable correspondences
are needed in order to solve for the local deformation parameters.

A different approach consists of addressing registration as a statistical estima-
tion problem [25] through successive steps. Within each step the uncertainty in
the estimates is being computed [50] and is used to guide further steps of the
overall algorithm [36]. In [49] the covariance matrix is used within an Iterated
Closest Point (ICP) algorithm to sample the correspondences so that registration
is well-constrained in all directions in parameter space. Last, but not least in [47]
local deformation and uncertainties are simultaneously recovered for the optical
flow estimation problem through a Gaussian noise assumption on the observa-
tion. Prior art leads to the conclusion that shape modeling and registration are
open research topics.

In this chapter we propose an alternative representation to the existing methods
that introduces novel elements in each component of the registration process. To
this end, first we assume shape representations to be implicit functions [34, 35]
(Euclidean distance transforms). Such representations are invariant to translation
and rotation, can account for scale variations and cope to some extent with noise
and and local deformations [61]. Registration is addressed in a complete fashion
through a global and a local component.

Objective functions that aim to account for global transformations in the space
of implicit representations are introduced. Global registration models of increas-
ing complexity are addressed like rigid, similarity [34] through an SSD approach
or affine, homographic [23] through a mutual information criterion. Free form
deformations and higher order polynomials [23] are used to encode local defor-
mations in the space of implicit functions. Such a model is robust to the presence
of outliers, can provide a one-to-one mapping between the source and the target
shape while being able to preserve their topologies. Shapes refer to components of
variable complexity and different degrees of freedom while at the same time are
often corrupted by noise. Such information is to be accounted for, and therefore
we propose a statistical inference approach that associates certain uncertainties on
the local deformation field [52] leading to a complete local registration paradigm
that is shown in [FIGURE (1)].

Toward validation of the proposed method, we consider parametric shape mod-
eling for the segmentation of the left ventricle in ultrasound images, non-parametric
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variable bandwidth shape modeling for shape recognition and implicit active con-
tours for knowledge-driven object extraction within a level set approach

The remainder of the chapter is organized as follows: In section 2 we present the
implicit shape representation, its properties and its use for global alignment. Local
registration is introduced in section 3, along with the estimation of the deforma-
tion uncertainties. Validation of the method is part of section 4, while discussion
and conclusions are presented in section 5.

2 Implicit Representation of Shapes & Global
Registration

Distance transforms have been popular in image analysis for a while. One can
refer to the famous Chamfer transform [3] often used for object extraction and to
the use of implicit representations (often called level set methods [16, 17, 31]) for
curve propagation.

Such representations are heavily considered in the domain of computational
vision because of their intrinsic and parameter-free nature while being able to
describe multi-component shapes and structures. Last, but not least a straightfor-
ward estimation is possible of various geometric properties of the shape (normal,
curvature, skeleton) often needed for registration, curve propagation, etc. Let us
consider a closed curveS that defines a bi-modal image partition ofΩ; the region
that is enclosed byS, [RS ], and the background [Ω −RS ] and an implicit level
set representation ofS

φS(x) =


0, x ∈ S

+D(x,S) > 0, x ∈ RS

−D(x,S) < 0, x ∈ [Ω−RS ]

that embedsS in a higher dimensional distance functionφ : Ω → R+ that is
assumed to be a Lipschitz function of the Euclidean distance from the shapeS,

D(x,S) = min
y∈S

{‖x− y‖2} ,

Such a representation can be constructed in various ways, simple two passes in
the image [3] could provide an approximate form, while more advanced methods
like the fast marching algorithm [46] or PDE-based techniques [51] can also be
considered.

Such implicit shape representation provides a feature space in which objective
functions that are optimized using a gradient descent method can be conveniently
used. One can prove that the gradient of the embedding distance function is a unit
vector in the normal direction of the shape and the representation satisfies a suffi-
cient condition for the convergence of gradient descent methods, which requires
continuous first derivatives. Furthermore, the use of the implicit representation
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provides additional support to the registration process around the shape bound-
aries and facilitates the imposition of smoothness constraints, since one would
like to align the original structures as well as their clones that are positioned
coherently in the image/volume plane. Last, but not least, implicit shape repre-
sentations are invariant to rigid transformations while the effect of isotropic scale
changes can be accounted for.

Let us consider a global transformationA. Supposêφ is the level set obtained
after transformation ofφ by A. The zero-crossing of̂φ gives a shapêS which
corresponds to the original shapeS after being transformed byA that refer to a
rigid transformation with a translation vectorT and a rotation angleR:

A(x) = Rx + T

One can prove that̂φ is also the distance transform ofŜ. Let us consider̂x be the
location ofx after being displaced according toA. Then, for allx in the image
domainΩ, we have:

D(x̂, Ŝ) = min
ŷ∈Ŝ

{‖x̂− ŷ‖2}

= min
y∈S

{‖Rx + T− (Ry + T)‖2} = min
y∈S

{‖R (x− y)‖2} = D(x,S)

that is equivalent of saying that distance transforms are invariant to translation &
rotation:

φ̂(x̂) = φ(x) = D(x,S)

x̂ = Rx + T ⇒ D(x̂, Ŝ) = D(x,S).

We can now also deduce the effect of adding a scale factor in the transformation:
A(x) = sRx + T;

D(x̂, Ŝ) = min
ŷ∈Ŝ

{‖x̂− ŷ‖2} = min
y∈S

{‖sR (x− y)‖2} = sD(x,S)

Since for the directly transformed level set image representationφ̂we haveφ̂(x̂) =
D(x,S) = 1

sD(x̂, Ŝ), we can derive the distance transform ofŜ by simply mul-

tiplying the scale factors to φ̂. One can now address a similarity invariant reg-
istration through the definition of an objective function in the space of implicit
representations of shapes.

Global parametric registration consists of recovering a transformationA that
creates pixel-wise intensity correspondences between the implicit representation
of the sourceφS and the targetφT shape. Similarity or affine nature of transfor-
mations have been mostly considered with either4 or 6 degrees of freedom.

2.1 Similarity Registration of Shapes

In the case of similarity transformations [A(x) = sRx + T], given the explicit
relation between the implicit representations of the source and the target [φ̂(x̂) =
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FIGURE 2.Global registration using the similarity transformation model.(i) initial pose
(ii) similarity-invariant registration (the same target contour is used).

D(x,S) = 1
sD(x̂, Ŝ)], a primitive criterion to recover registration parameters

refer to the Sum-of-Squared-Differences (SSD);

E(s,R,T) =
∫∫
Ω

(sφS(x)− φT (A(x)))2 dx,

which measures the dissimilarity between the intensity values (i.e. distance val-
ues) of pixels in a sample image domain on the source representation and that of
the projected pixels on the target representation according to the transformation
A that is a computational expensive approach. One can address such a concern
through the adoption of a narrow band in the embedding space as the sample do-
main. The use of a band indicator functionχα(φS(x)) can reduce registration
domain

E(s,R,T) =
∫∫
Ω

χα(φS(x)) (sφS(x)− φT (A(x)))2 dx,
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whereχα(φS(x)) is given by

χα(φ) =
{

0, |φ| > α,

1, otherwise

Such a modified function accounts for pixels (isophotes) within a range of dis-
tanceα from the source shape and their projections on the target are considered
in the optimization process. One can consider the calculus of variations and a
gradient-descent based method to recover the optimal registration parameters;

d

dt
T = 2

∫∫
Ω

χα(φS(x))ψ(x)∇φT (A(x)) dx

d

dt
s = −2

∫∫
Ω

χα(φS(x))ψ(x)
(
φS(x)−∇φT (A(x)) ·Rx

)
dx

d

dt
θi = 2

∫∫
Ω

χα(φS(x))ψ(x)∇φT (A(x)) · ∇θi(A(x)) dx, 1 ≤ i ≤ p

where(sφS(x)−φT (A(x))) is the residual error that has been replaced byψ(x)
andp is the number of rotation angles [R = (θi)]. Examples of such a registration
process are shown in [FIGURE (2)]. Based on the experimental results one can
claim that shapes undergoing similarity transformations are properly registered.

On the other hand dealing with rather generic parametric transformations like
affine is not straightforward. In principle the effect of such transformations can-
not be predicted in the space of implicit representations and therefor the distance
function of the transformed shape is not available and it has to be recomputed,
that is a rather inefficient procedure within iterative processes like the one we
have adopted. One can overcome such a limitation through the consideration of
an alternative affine-invariant objective function that does not seek point-to-point
correspondences (like the SSD case) between the implicit representations of the
source and the target. Mutual Information [37] is a rather convenient registration
paradigm that satisfies such constraints in particular when registering distance
transforms [22, 21].

2.2 Affine-invariant Registration of Shapes

Scale variations can be considered as a global illumination changes in the space
of distance transforms. Therefore, registration under scale variations is equivalent
with matching different modalities that refer to the same structure of interest. Mu-
tual Information is an information theoretic criterion that is an invariant technique
according to a monotonic transformation of the two input random variables. Such
criterion is based on the global characteristics of the structures of interest. In order
to facilitate the notation let us denote: (i) the source representationφS asf , and
(ii ) the target representationφT asg.

In the most general case, registration is equivalent with recovering the param-
etersΘ = (θ1, θ2, ..., θN ) of a parametric transformationA such that the mutual
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information betweenfΩ = f(Ω) andgAΩ = g
(
A(Θ; Ω)

)
is maximized for a given

sample domainΩ;

MI(XfΩ , XgAΩ ) = H
[
XfΩ

]
+H

[
XgAΩ

]
−H

[
XfΩ,gAΩ

]
whereH represents the differential entropy. Such a quantity represents a measure
of uncertainty, variability or complexity and consists of three components: (i) the
entropy of the model, (ii) the entropy of the projection of the model given the
transformation, and (iii) the joint entropy between the model and the projection
that encourages transformations wheref explainsg. One can use the above cri-
terion and an arbitrary transformation (rigid, affine, homographic, quadratic) to
perform global registration that is equivalent with minimizing:

E(A(Θ)) = −MI(XfΩ , XgAΩ )

= −
∫∫

R2
pfΩ,gAΩ (l1, l2)log

pfΩ,gAΩ (l1, l2)

pfΩ(l1)pgAΩ (l2)
dl1dl2

where (i)pfΩ corresponds to the probability density infΩ
(

[φS(Ω)]
)
, (ii) pgAΩ

corresponds to density ingAΩ
(

[φT (A(Θ; Ω))]
)
, and (iii) pfΩ,gAΩ is the joint

density. Such framework can account for various global motion models. Toward a
continuous form of the criterion, a non-parametric Gaussian Kernel density model
can be considered to approximate the joint density, leading to the following ex-
pression:

pfΩ,gAΩ (l1, l2) =
1

V (Ω)

∫∫
Ω

G(l1 − f(x), l2 − g(A(Θ;x)))dx

whereV (Ω) represents the volume ofΩ andG(l1 − f(x), l2 − g(A(Θ;x))) is
a two dimensional zero-mean differentiable Gaussian kernel. A similar approach
can be considered in definingpfΩ(l1) andpgAΩ (l2) using a 1D Gaussian kernel.
The calculus of variations with a gradient descent method [23] can be used to
minimize the cost function and recover the registration parametersθi:

∂E

∂θi
=−

∫∫
R2

(
1 + log

pfΩ,gAΩ (l1, l2)

pfΩ (l1)pgAΩ (l2)

)
[

1

V (Ω)

∫∫
Ω
−Gβ(l1 − α, l2 − β)

(
∇g(A(Θ;x)) ·

∂

∂θi
A(Θ;x)

)
dx

]
dl1dl2

=−
1

V (Ω)

∫∫
Ω

[∫∫
R2

(
1 + log

pfΩ,gAΩ (l1, l2)

pfΩ (l1)pgAΩ (l2)

)
(
−Gβ(l1 − α, l2 − β)

)
dl1dl2

](
∇g(A(Θ;x)) ·

∂

∂θi
A(Θ;x)

)
dx

The resulting global registration protocol is the following: given a source and a
target shape, implicit representations in the space of distance transforms are re-
covered. Then, the mutual information criterion is used to estimate the parameters
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(i)
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FIGURE 3. Global registration using the affine transformation model.(i) initial pose (i)
affine-invariant registration (the same target contour is used).

of the optimal transformation between the source and the target implicit represen-
tations. Examples of such approach for rigid as well as affine registration are given
in [FIGURE (3)]. However, in numerous application domains of computational vi-
sion, global transformations are not a proper answer when solving the registration
problem like the case of medical imaging [19].

3 Local Registration

Local deformations are a complementary component to the global registration
model. Dense local motion (warping fields) estimation is an ill-posed problem
since the number of variables to be recovered is larger than the number of avail-
able constraints. Smoothness as well as other form of constraints were employed
to cope with this limitation.

In the proposed framework, a global motion model (A) is recovered using dif-
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FIGURE 4. Comparison with the non-rigid shape registration algorithm presented in [22].
(1) Results from the algorithm in [34, 35]. (2) Results from our algorithm. (a) Initial poses
of the source (in green) and target (in blue) shapes. (b) Alignment after global registration.
(1.c) Local registration result; (1.d) local registration with regularization constraints. (2.c)
Local registration result; (2.d) established correspondences.

ferent criteria. One can use such model to transform the source shapeS to a new
shapeŜ = A(S) that is the projection ofS to T . Then, local registration is
equivalent with recovering a pixel-wise deformation field that creates visual cor-
respondences between the implicit representation [φT ] of the target shapeS and
the implicit representation [φŜ ] of the transformed source shapeŜ.

3.1 Free Form Deformations

Such a deformation fieldL(Θ;x) can be recovered either using standard optical
flow constraints [34, 35] or through the use of warping techniques like the free
form deformations method [41], which is a popular approach in graphics, anima-
tion and rendering [18]. Opposite to optical flow techniques (where smoothness is
introduced in a form of an additional constraint), FFD techniques support smooth-
ness constraints in an implicit fashion, exhibit robustness to noise and are suitable
for modeling large and small non-rigid deformations. Furthermore, under certain
conditions, it can support a dense registration paradigm that is continuous and
guarantees a one-to-one mapping. Such a concept and a primitive comparison
with the optical flow approach is presented in [FIGURE (4)].

The essence of FFD is to deform an object by manipulating a regular control
latticeP overlaid on its volumetric embedding space. We consider an Incremental
Cubic B-spline Free Form Deformation (FFD) to model the local transformation
L. To this end, dense registration is achieved by evolving a control latticeP ac-
cording to a deformation improvement [δP]. The inference problem is solved
with respect to - the parameters of FFD - the control lattice coordinates.

Let us consider a regular lattice of control points

Pm,n = (Px
m,n,P

y
m,n); m = 1, ...,M, n = 1, ..., N
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overlaid to a structure

Γc = {x} = {(x, y)|1 ≤ x ≤ X, 1 ≤ y ≤ Y }

in the embedding space that is the distance transform the source structure once
the global registration parameters have been applied. Let us denote the initial
configuration of the control lattice asP0, and the deforming control lattice as
P = P0 + δP. Under these assumptions, the incremental FFD parameters are the
deformations of the control points in both directions(x, y);

Θ = {(δPx
m,n, δP

y
m,n)}; (m,n) ∈ [1,M ]× [1, N ]

The motion of a pixelx = (x, y) given the deformation of the control lattice from
P0 to P, is defined in terms of a tensor product of Cubic B-spline:

L(Θ;x) = x + δL(Θ;x) =
3∑

k=0

3∑
l=0

Bk(u)Bl(v)(P0
i+k,j+l + δPi+k,j+l)

where
i = b x

X
·Mc − 1, j = b y

Y
·Nc − 1

and
u =

x

X
·M − b x

X
·Mc, v =

y

Y
·N − b y

Y
·Nc

The terms of the deformation component refer to

• δPi+l,j+l, (k, l) ∈ [0, 3] × [0, 3] consists of the deformations of pixelx’s
(sixteen) adjacent control points,

• δL(x) is the incremental deformation at pixelx, and

• Bk(u) is the kth basis function of a Cubic B-spline (Bl(v) is similarly
defined):

B0(u) = (1− u)3/6, B1(u) = (3u3 − 6u2 + 4)/6

B2(u) = (−3u3 + 3u2 + 3u+ 1)/6, B3(u) = u3/6

Local registration now is equivalent with finding the best latticeP configuration
such that the overlaid structures coincide. Since structures correspond to distance
transforms of globally aligned shapes, the Sum of Squared Differences (SSD) can
be considered as the data-driven term to recover the deformation fieldL(Θ;x));

Edata(L(Θ)) =
∫∫

Ω

χα(φS(x))
(
φS(x)− φT (L(Θ;x))

)2
dx

The use of such technique to model the local deformation component of the
registration introduces in an implicit form some smoothness constraint since dis-
placement refers to a cubic spline interpolation. Therefore, it can deal with a lim-
ited level of deformation. In order to further preserve the regularity of the re-
covered registration flow, one can consider an additional smoothness term on the
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FIGURE 5. Global registration using the FFD local transformation model.(i) initial pose
(after affine) (i) deformation of the grid (the same target contour is used).

deformation fieldδL. We consider a computationally efficient smoothness term:

Esmoothness(L(Θ)) =
∫∫

Ω

(
|Lx(Θ;x)|2 + |Ly(Θ;x)|2

)
dx

Such smoothness term is based on a classic error norm that has certain known
limitations. One can replace this smoothness component with more elaborated
norms like the a regularization term motivated by the thin plate energy functional
[57] :

Esmoothness(L(Θ)) =

∫∫
Ω

(
|Lxx(Θ;x)|2 + 2 |Lxy(Θ;x)|2 + |Lyy(Θ;x)|2

)
dx

that can be further simplified in the case of the cubic B-spline and reduced to
the quadratic form [52]. One can claim that second order regularization terms are
more flexible than the ones of first order since they allow free affine transforma-
tions. Within the proposed framework, an implicit smoothness constraint is also
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FIGURE 6.Established correspondences using Incremental FFD. (red) source shapes af-
ter global transformations, (blue) target mean shape, (dark lines) correspondences for a
fixed set of points on the mean shape. & (green) the projection of mean shape on each
training shape.

imposed by the Spline FFD. Therefore there is not need for introducing complex
and computationally expensive regularization components.

The data-driven term and the smoothness constraint component can now be in-
tegrated to recover the local deformation component of the registration and solv-
ing the correspondence problem:

E(Θ) = Edata(Θ) + βEsmoothness(Θ)

whereβ is the constant balancing the contribution of the two terms. The calculus
of variations and a gradient descent method can be used to optimize such objective
function [23] (the error-two norm is adopted to impose smoothness).

∂

∂θi
E(Θ) = −2

∫∫
Ω

(φS(x)− φT (L(Θ;x))
)
∇φT (L(Θ;x)) · ∂

∂θi
δL(Θ;x)

)
dx+

2α

∫∫
Ω

∂

∂x
δL(Θ;x) · ∂

∂θi

(
∂

∂x
δL(Θ;x)

)
+

∂

∂y
δL(Θ;x) · ∂

∂θi

(
∂

∂y
δL(Θ;x)

)
dx

The flow consists of a data-driven update component and a diffusion term that
constraints the parameters of the free form deformation to be locally smooth. The
performance on recovering successful local deformations is demonstrated in char-
acter registration [FIGURE (5)] and in cardiac shape registration (systolic Left
Ventricle dataset) [FIGURE (6)] (established local correspondences). Computa-
tional complexity is the most important limitation of such a method that can be



1. On the Representation of Shapes Using Implicit Functions 15

addressed through an efficient multi-level implementation, as shown in [FIGURE

(5)].
To this end, multi-resolution control lattices are used according to a coarse-

to-fine strategy. A coarser level control lattice is applied first to account for rel-
atively global non-rigid deformations; then the space deformation resulted from
the coarse level registration is used to initialize the configuration of a finer resolu-
tion control lattice; On this finer level, the local registration process continues to
deal with highly local deformations and achieve better matching between the de-
formed source shape and the target. Generally speaking, the hierarchy of control
lattices can have arbitrary number of levels, but typically2 ∼ 3 levels are suf-
ficient to handle both large and small non-rigid deformations. The layout of the
control lattices in the hierarchy can be computed efficiently using a progressive B-
spline subdivision algorithm [20]. At each level, we can solve for the incremental
deformation of the control lattice while at the end, the overall dense deformation
field is defined by these incremental deformations from all levels. In particular,
the total deformationδL(x) for a pixelx in a hierarchy ofr levels is:

δL(x) =
r∑

k=1

δLk(Θk;x)

whereδLk(Θk;x) refers to the deformation improvement at this pixel due to the
incremental deformationΘk of thekth level control lattice.

The proposed registration framework and the derivations can be straightfor-
wardly extended to 3D. For global registration, parameters of a 3D transforma-
tion model can be solved by optimizing the global registration criterion in the 3D
sample domain; for local registration, free form deformations can be defined by
the 3D tensor product of B-spline polynomials, and the SSD energy functional
is defined in the 3D volumetric domain. More details on the 3D formulation for
non-rigid FFD registration can be found in [24]. We can use the 3D registration
framework to align, register, and stitch 3D face scans captured from range scan-
ners. This problem plays an important role in face modeling, recognition, etc. We
show one set of such registration result from our framework in [FIGURE (7)]. The
global transformation model consists of translation, scaling, and quaternion-based
rotation and the local incremental FFD model uses control lattices in the 3D space
and a 3D tensor product of B-spline polynomials. Qualitatively the result after lo-
cal non-rigid registration can be seen from two views: the front view, and the side
view. Quantitatively, the FFD based local registration reduced the average regis-
tration error from8.3 to 1.2, using three resolutions and20 iterations for each
resolution. The total time spent was4.6 minutes.

However, one can claim that the local deformation field is not sufficient to
characterize the registration between two shapes. Often data is corrupted by noise
while at the same time outliers exist in the training set. Therefore recovering mea-
surements that do allow the characterization of the quality of the registration pro-
cess is an eminent condition of accurate shape modeling.
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FIGURE 7.Global-to-local Registration for Open 3D structures (both source and target
shapes are from face range scan data). (1) Global Registration using the similarity trans-
formation model: (a) Initial source shape; (b) Target shape; (c) Initial pose of the source
shape relative to the target shape; (d & e) Globally transformed source shape shown over-
laid on the target - front view (d) and side view (e). (2) Local registration using FFD. The
results are shown from both a 3D front view in the second row and a side view in the third
row. (Front view & Side view): (a) Source shape after rigid transformation; (b) Target
shape; (c) Locally deformed source shape after FFD registration; (d) Locally deformed
source shape shown overlaid on the target.

4 Estimation of Registration Uncertainties

Several attempts to build statistical models on noisy set of data in order to infer
the properties of a certain model were proposed in the former literature. In [25],
various techniques to extract feature points in images along with uncertainties due
to the inherent noise were reported while in [36] an iterative estimation method
was proposed to handle uncertainties estimates of rigid motion on sets of matched
points. Last, but not least in [49] an iterative technique to determine uncertain-
ties within the Iterated Closest Point [9] registration algorithm was proposed. In
a quite different context, [47] introduced uncertainties within the estimation of
dense optical flow, that can be seen as a form of registration between images.

In the present case curves are considered using implicit representation, there-
fore uncertainty does not lie in the relative position of points but of an isosurface
and therefore one can seek for equivalences with ”aperture problem” in optical
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flow estimation. Inspired by the work in [4, 49] we aim to recover uncertainties
on the vectorΘ while being able to use only the zero iso-surface, defining the
shape itself. To this end, we use a discrete formulation of:

Edata(L(Θ)) =
∫∫

Ω

χα(φS(x))
(
φS(x)− φT (L(Θ;x))

)2
dx

that can be re-written in the following fashion whenα→ 0:

Edata(L(Θ)) =
∫∫

Ω

φ2
T (L(Θ;x))dx =

K∑
i=1

ρ(φT (L(Θ,xi)) =
K∑

i=1

ρ(φT (x′i))

with x′ = L(Θ;x). Let us considerqi to be the closest point on the target contour
from x′i. SinceφT is assumed to be an Euclidean distance transform, it satisfies
the condition‖∇φT (x′i)‖ = 1. Therefore one can express the values ofφT (x′i) :

φT (x′i) = (x′i − qi) · ∇φT (x′i)

Then, one has a first order approximation ofφT (x) in the neighborhood ofx′i, in
the form :

φT (x′i + δx′i) = φT (x′i) + δx′i · ∇φT (x′i)
= (x′i + δx′i − qi) · ∇φT (x′i)

that reflects the condition that a point to curve distance is adopted rather than a
point to point. Under the assumption thatE(L(Θ)) = ◦(1) we can neglect the
second order term in the development ofφT and therefore write the following
second order approximation ofE0 in quadratic form :

E(L(Θ)) =
∑ [

(L(Θ,xi)− qi) · ∇φT (x′i)
]2

Free form deformations is a linear transformation with respect to the parameters
Θ = δPi,j . Therefore one can rewrite this transformation over the image domain
in a rather compact form:

L(Θ;x) = x+δL(Θ;x) =
3∑

k=0

3∑
l=0

Bk(u)Bl(v)(P0
i+k,j+l+δPi+k,j+l) = x+X (x).

whereX (x) is a matrix of dimensionality2×N with N being the size ofΘ. One
now can substitute this term in the objective function toward :

E(L(Θ)) = (X ·Θ− y)T (X ·Θ− y)

with

X =

 ηT
1 X (x1)

...
ηT

KX (xK)

 andy =

 ηT
1 (q1 − x1)

...
ηT

K(qK − xK)


and[ηi = ∇φT (x′i)] due to the distance transform nature of the implicit function.
We assume thaty is the only random variable. Such assumption is equivalent with
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FIGURE 8.Examples of registration with uncertainties estimation at the free form defor-
mation Grid.

saying that errors in the point positions are only quantified along the normal di-
rection. This accounts for the fact that the point set is treated as samples extracted
from a continuous manifold. One can take the derivative of the objective function
in order to recover a linear relation betweenΘ andy :

X TXΘ = X T y

Last, assume that the components ofy are independent and identically distributed.
In that case, the covariance matrix ofy has the formσ2I of magnitudeσ2 with I
being the identity. In the most general case one can claim that the matrixX TX
is not invertible because due to the fact that the registration problem is under-
constrained. Additional constraints are to be introduced toward the estimation
of the covariance matrix ofΘ through the use of an arbitrarily small positive
parameterγ :

E(L(Θ)) = (XΘ− y)T (XΘ− y) + γ ΘT Θ

Then the covariance matrix of the parameter estimate is :

ΣΘ = σ2(X TX + αI)−1

Some example of such estimates are shown in [FIGURE (8)]. Once registration
between shapes has been addressed numerous computational vision tasks can be
considered. Shape modeling with applications to and object extraction and recog-
nition are the more frequent ones.

5 Applications

In this section, we present three applications of the proposed global-to-local reg-
istration framework to demonstrate its potential in the domains of grouping and
recognition.

5.1 Statistical (Gaussian) modeling of anatomical structures &
Segmentation of the Left Ventricle in Ultrasound Images

Organ modeling is a critical component of medical image analysis. To this end,
one would like to learn a compact representation that can capture the variation
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in an anatomical structure of interest across individuals. Building such represen-
tation requires establishing dense local correspondences across a set of training
examples. The registration framework proposed in this book chapter can be use
to solve the dense correspondence problem.

As an example, we show the statistical modeling of systolic left ventricle (LV)
shapes from ultrasonic images, using40 pairs of hand-drawn LV contours. We
first apply global rigid registration to align all contours to a same target. Local
registration based on free form deformations is then used to non-rigidly register
all these contours to a common target. In order to establish dense one-to-one cor-
respondences between all the aligned contours, we pick a set of sample points on
the common target and compute their correspondences on each training contour
based on the local registration result [FIGURE (6)] for established local correspon-
dences). Similar procedure is applied for the endiastolic shape of left ventricle.

Principle Component Analysis (PCA) can be applied to capture the statistics of
the corresponding elements across the training examples. PCA refers to a linear
transformation of variables that retains - for a given numbero1, o2 of operators -
the largest amount of variation within the training data, according to:

d = d′ +
o1∑

k=1

λd
k (ud

k,v
d
k), s = s′ +

o2∑
k=1

λs
k (us

k,v
s
k)

whered′ (resp.s′) is the mean diastolic shape,o1 (resp.o2) is the number of
retained modes of variation,(ud

k,v
d
k) (resp.(us

k,v
s
k)) are these modes (eigenvec-

tors), andλd
j (resp.λs

j) are linear factors within the allowable range defined by
the eigenvalues.

Once average models for the systolic and diastolic cases are considered, one
can further assume that these models are registered, therefore there is an one-to-
one correspondence between the points that define these shapes. To this end, their
implicit representationsφd, φs are aligned using first a similarity transformation
and then a free form deformation.

Let
(
d = (xd

1,x
d
2, ...,x

d
m)
)

be the diastolic and(s = (xs
1,x

s
2, ...,x

s
m)) the sys-

tolic average model once global and local registration between them has been
recovered. Then one can define a linear space of shapes as follows:

c(a) = a s + (1− a) d, 0 ≤ a ≤ 1

=
(
axd

1 + (1− a)xs
1, ..., αxd

1 + (1− a)xs
m)
)

and a linear space of deformations that can account for the systolic, the diastolic
frame as well as the frames in between:

c(a, λd
k, λ

d
s) = c(a) +

o1∑
k=1

λd
k (ud

k,v
d
k) +

o2∑
k=1

λs
k (us

k,v
s
k)

The most critical issue to be addressed within this process is the global and local
registration between the systolic and diastolic average shapes. The approach pro-
posed in [23] that performs registration in the implicit space of distance functions
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using a combination between mutual information criterion and a free-form defor-
mation principle is used. The resulting composite model has limited complexity,
can account for the systolic and the diastolic form of the endocardium as well as
for the frames between the two extrema.

Rough Segmentation through Registration

The central idea behind active shape models is to recover (i) an approximate solu-
tion through a global registration(a,A) between the time varying average model
and the image and (ii) the exact solution through a linear combination of the prin-
cipal modes of variationc(λd

k, λ
d
s). To this end, given an initial position of the

average model and a number of control pointsci, the method seeks in a repeti-
tive manner the most prominent correspondence of each control point in the image
planepi. Once such correspondences have been recovered, the registration param-
eters between the image and the model are updated so the recovered projection to
the image approximates the desired image features;

Edata(a,A) =
m∑

i=0

ρ (|A(ci(a))− pi|) (1.1)

whereA refers to translation, rotation and scale,a dictates the model space andρ
is a robust error metric.

However, recovering the correspondencespi is a tedious task. Active shape
models are based on generating an intensity profile for each control point along
the normal to the model and seeking for a transition from tissue to the ventricle.
We consider a probabilistic formulation of the problem. One would like to recover
a densitypwall(; ) that can provide the probability of a given pixelω being at the
boundaries of the endocardium.

Let ptissue(; ) being the probability of a given intensity being part of the endo-
cardium walls andpblood(; ) the density that describes the visual properties of the
blood pool. Then correspondences between the model and the image are mean-
ingful in places where there is a transition (tissue to blood pool) between the two
classes. Given a local partition one can define a transition probability between
these two classes.

Such a partition consists of two line segments [L(A(xi)),R(A(xi))] along the
normal [A(Ni)]. Their origin is the point of interestA(xi) and they have opposite
directions. Therefore in statistical means one can write:

pwall(ω) = p ([tissue|φ ∈ L(ω)] ∩ [blood|φ ∈ R(ω)])

Furthermore, independence between the two classes can be considered:

pwall(ω) = p (tissue|φ ∈ L(ω)) p (blood|φ ∈ R(ω))

=
∏

φ∈L(ω)

ptissue(I(φ))
∏

φ∈R(ω)

pblood(I(φ))
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(a) (b)

FIGURE 9.(a) Diastole Endocardium Segmentation, (b) Systole Endocardium Segmenta-
tion: (i) Apical 4 View , (ii) Apical 2 View.

One can evaluate this probability under the condition that the blood pool and
tissue densities are known. The use of -log function can be considered to over-
come numerical constraints, leading to:

E(ω) =
∑

φ∈L(ω)

λblood I(φ) +
∑

φ∈R(ω)

(I(φ)− µtissue)2

2σ2
tissue

after dropping out the constant terms. Thus, the best correspondence(pi) is re-
covered by evaluatingE(ω) for all ω (within a search window) that belong to the
line segment that is normal to the latest solutionA(Ni) at a given control point
ci.

Recovering the optimal transformationA can now be done in an incremental
manner by solving a linear system

(m,n),
∂

∂αm,n
Edata(a,A) = 0 →

m∑
i=0

ρ′(|A(ci(a))− pi|)
∂

∂αm,n
(|A(ci(a))− pi|) = 0

where(αm,n) are the parameters of the global transformationA, four in the case
of similarity that was considered. On the other hand, the estimation of thea is
done through an exhaustive search. The search space[0, 1] is quantized using a
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uniform sampling rule and the cost function [eqn. (1)] is evaluated to determine
the optimal measure of(a). The process alternates between the estimation of the
transformation (A) and the blending parameter between the systolic and the endi-
astolic model until convergence to the endocardium boundaries.

Last, but not least the distribution parameters for the tissue and blood case are
adaptively recovered using the latest position of the mean model. The inner region
is used to determine the Laplacian parameter (λblood) while a narrow band in the
outwards direction dictates the estimates of(µtissue, σtissue).

Once, appropriate models and similarity transformations were recovered, the
next step is precise extraction of the endocardium walls. Such a task is equivalent
with finding a linear combination of the modes of variation that deforms globally
the model toward the desired image features. The space of variations consists of
the diastolic and the systolic models. We claim that the need of a blending param-
eter between systolic and diastolic modes of variation is not present. It can be eas-
ily shown that adding such a factor leads to a multiplication of the(λd

0, ..., λ
s
0, ...)

coefficients that are to be recovered and therefore such a multiplication factor can
be omitted.

Under the assumption of existing correspondencespi and the global transfor-
mation(a,A) these linear coefficients are recovered through:

Erefine−data(λd
0, ..., λ

s
0, ...) =

m∑
i=0

ρ

(
|A (ci(a)) +

o1∑
k=1

λd
k (ud

k,v
d
k) +

o2∑
k=1

λs
k (us

k,v
s
k)− pi|

)

The objective function is minimised using a robust incremental estimation tech-
nique. The calculus of Euler-Lagrange equations with respect to the unknown
variables(λd

0, ..., λ
s
0, ...) leads to a[o1 + o2] × [o1 + o2] linear system that has a

closed form solution. Such step is repeated until convergence. Examples of such
a segmentation process are shown in [FIGURE (9)]. While the form of the left
ventricle can be well described using a Gaussian density, in the most general
case shapes that refer to objects of particular interest are non-linear structures and
therefore the assumption of simple parametric models likes Gaussians is rather
unrealistic. Therefore within our approach we propose a non-parametric form of
thepdf.

On top of that, our registration paradigm along with the deformation field it
estimates confidence measures (uncertainties) that upon proper use can provide
a better use of the information space. It is natural to assign less importance on
the variations that appear in areas with low registration confidence. Such areas in
principle are not related with the distribution of the training samples after regis-
tration. Kernels of variable bandwidth can be used to encode such a condition and
provide a structured way for utilizing the variable uncertainties associated to the
sample points
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5.2 Variable Bandwidth Density Estimation & Shape Recognition

Let {xi}M
i=1 denote a random sample with common density functionf . The fixed

bandwidth kernel density estimator consists of:

f̂(x) =
1

M

M∑
i=1

KH (x− xi)

=
1

M

M∑
i=1

1

‖H‖1/2
K

(
H−1/2(x− xi)

)
whereH is a symmetric definite positive - often called a bandwidth matrix - that
controls the width of the kernel around each sample pointxi. The fixed bandwidth
approach often produces an under-smoothing in areas with sparse observations
and over-smoothing in the opposite case. Usefulness of varying bandwidths is
widely acknowledged to estimate long-tailed or multi-modal density functions
with kernel methods.

In the literature, Kernel density estimation methods that do rely on such varying
bandwidths are generally referred to as adaptive kernel density estimation meth-
ods [56]. An adaptive kernel approach adapts to the sparseness of the data by using
a broader kernel over observations located in regions of low density. Two useful
state of-the-art variable bandwidth kernels consists of thesample point estimator
and theballoon estimator.

The first one refers to a covariance matrix depending on the repartition of the
points constituting the sample :

f̂S(x) =
1
M

M∑
i=1

1
‖H(xi)‖1/2

K
(
H(xi)−1/2(x− xi)

)
where a common selection ofH refers to

H(xi) = h(xi) · I

with h(xi) being the distance of pointxi from thekth nearest point. One can
consider various alternatives to determine the bandwidth function. Such estimator
may be directly used with the uncertainties estimatesH(xi) = µΣΘi

as proposed
in [8].

Our registration method assumes an estimation of the uncertainty on the point
to be evaluated. In order to make use of this information we first introduce another
standard variable bandwidth kernel method knows asballoon estimator. It adapts
the measures to the point of estimation depending on the shape of the sampled
data according to:

f̂B(x) =
1

M

M∑
i=1

1

‖H(x)‖1/2
K

(
H(x)−1/2(x− xi)

)
with H(x) may be chosen with the same model assample point estimator. Such
function may be seen as the average of a density associated to the estimation point



24 N. Paragios , M. Taron , X. Huang, M. Rousson and D. Metaxas

x on all the sample pointsxi. One should point out that such a process could lead
to estimates on̂f(x) that do not refer to density function in terms of discontinuity,
integration to infinity, etc.

Let us consider{xi}M
i=1 a multi-variate set of measurements where each sample

xi exhibits uncertainties in the form of a covariance matrixΣi. Our objective can
be stated as follows: estimate the probability of a new measurementx that is
associated with covariance matrixΣ.

Let X be the random variable associated to the training set and assume a den-
sity functionf . f may be estimated witĥf in a similar fashion tosample point
estimator. Thereforef may be expressed in the formf =

∑
fi wherefi are den-

sities associated to a single kernelxi. Let Y be the be a random variable for the
new sample with densityg.

Then one can claim that in order to estimate the probability of the new sample,
one should first determine for all possibleu ∈ RN theirdistancefrom the existing
kernels of the training setX, f(u) in a similar fashion assample point estimator
and weight them according to their fit with the density function ofY :

f(x) =

∫
f(u)g(u)du

=

∫ [
M∑

i=1

fi(t)

]
g(t)dt =

M∑
i=1

[∫
fi(t)g(t)dt

]
The present concept could be relaxed to address the case of non-Gaussian kernels
according to ahybrid estimator that is considered:

f̂H(x) =
1

M

M∑
i=1

1

‖H(Σ,Σi)‖1/2
K(H(Σ,Σi)

1/2(x− xi))

Such a density estimator takes into account the uncertainty estimates both on the
sample points themselves as well as on the estimation of pointx as introduced in
[29]. The outcome of this estimator may be seen as the average of the probabili-
ties that estimation measurement is equal to the sample measurement, calculated
over all sample measurements. Consequently, in directions of important uncer-
tainties the density estimation decreases more slowly when compared to the other
directions.

This metric can now be used to assess for a new sample the probability of
being part of the training set through a process that evaluates the probability for
each of the examples in the training set. The resulting approach can account for
the non-parametric form of the observed density while the limitation of being
time consuming since the cost is linear to the number of samples in the training
set. Therefore, there is an eminent need on decreasing the cardinality of the set of
retained kernels.

The maximum likelihood criterion expresses the quality of approximation from
the model to the data. Consider a setZK = {X1, X2, . . . , XK} of kernels ex-
tracted from the training set with mean and uncertainties estimates{xiΣi}|ZK|

i=1 .
Then the probability of any registered shape with associated kernelY has the
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(a) (b)

FIGURE 10.(a) Distribution of the distance of the training set from the kernel based model
build for 3 in logarithmic scale. (b) Distribution of the distance of the training set from the
kernel based model build for 9 in logarithmic scale.

form :

PZK(Y ) =
1

|ZK|
∑

X∈ZK

K(X,Y )

and K(X,Y) correspond to the calculation of the hybrid kernel estimator. For such
a selection of kernels, one can evaluate the log-likelihood for the entire training
set with the associated kernels{Yi}N

i=1 :

CK =
N∑

i=1

log(PZK(Yi))

We use an efficient sub-optimal iterative algorithm to update the setZK. A new
kernelY is extracted from the training set as the one maximizing the quantity
CK+1 associated toZK+1 with : ZK+1 = ZK

⋃
Y . One kernel may be chosen

several times in order to preserve a decreasing order ofCK when adding new
kernels. Consequently the selected kernelsYi used to evaluate the global density
probability have prior weight.

The proposed method is indented to provide efficient models for family of
shapes with important variation. Digits, is an example where the shape of the
characters varies along individuals and therefore one can claim important variabil-
ity on the training set. Based on this observation and using an important training
set from the database, we have considered two digits (random variables of2000
samples each) that have a quite similar structure, the3 and9. Upon intra-class
registration two models have been built of100 kernels each according to the max-
imum likelihood principle. Then, a cross validation task was performed where for
all samples of the database (3 & 9) the probability of being part of the classes3
& 9 was estimated according to the presented variable bandwidth density func-
tion. In [FIGURE (10.a)] one can see in a logarithmic scale the performance of the
method using the model built for3 and applied also to the samples of9 while the
opposite case is presented in [FIGURE (10.b)]. In both cases one can see a clear
separation of the two classes and a substantial difference in terms of probabilities
between the true and the non-true case. It is important to note that the presented
method is not indented for such an application. However, given this validation we
can claim that such a model can capture samples of increasing complexity and the
use of deformations along with uncertainties provide efficient density estimators.
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5.3 Knowledge-based Object Extraction Using Distance
Transforms and Level Set Methods

The idea of global as well as local registration can be explored to impose prior
knowledge within a level set [30, 31] segmentation process [10, 14, 26, 39, 53].
Such a method is based on the propagation of an initial contour (in practice its im-
plicit function) toward the desired image characteristics [5, 6, 27, 32, 38]. Often,
the signed distance function is considered to represent the evolving contour. In
the most general case, one can assume a simplistic average shape model [39]φM.
Then, in order to constrain the segmentation process, one can force the evolving
curveφ to look like the prior, or:

Eshape(φ, (s,R,T)) =
∫∫
Ω

(sφM(x)− φ(A(x)))2 dx,

One can further assume that the image refers to a bi-modal partition(R,Ω −
R) with where the distributions of the visual properties of the objectpobj :
N (µobj , σobj) and the backgroundpbcg : N (µbcg, σbcg) are assumed to be Gaus-
sians. Under the assumption of independence between hypotheses and across pix-
els, the maximum posterior can be used to determine the optimal segmentation
results [33], or

Edata(φ,N (µobj , σobj),N (µbcg, σbcg)) =

−
∫∫
R

log (pobj(I(x)) dx−
∫∫

Ω−R

log (pbcg(I(x)) dx

Within the level set framework, one can use theφ function to describe this parti-
tion [60] according to:

Edata(φ,N (µobj , σobj),N (µbcg, σbcg)) =

−
∫∫
Ω

Hα(φ)log (pobj(I(x)) dx−
∫∫
Ω

(1−Hα(φ))log (pbcg(I(x)) dx

whereH is the Heaviside function

Hα(φ) =


1 , φ > α
0 , φ < −α
1
2

(
1 + φ

α + 1
π sin

(
πφ
α

))
, |φ| < α

Last, but not least toward smooth segmentation results one can impose a minimal
length curve constraint according to:

Esmooth(φ) =

∫∫
Ω

δα(φ(x)) |∇φ(x)| dx

whereδα is the Dirac function

δα(φ) =
{

0 , |φ| > α
1
2α

(
1 + cos

(
πφ
α

))
, |φ| < α



1. On the Representation of Shapes Using Implicit Functions 27

FIGURE 11.Implicit Representations, Prior Knowledge and Object Extraction under oc-
clusions. The evolution of the contour is presented in a raster scan format. (i) original
image from where the prior was extracted, (ii) changes of pose for the object to be recov-
ered, (iii) image with changes of scale, pose, illumination, noise and missing parts.

with
[

∂
∂φHα(φ) = δα(φ)

]
. One can now integrate smoothness, data-driven and

shape-driven terms toward object extraction according to:

E(φ, (N (µobj , σobj),N (µbcg, σbcg), (s,R,T)) =

w1Eshape(φ, (s,R,T)) + w2Edata(φ,N (µobj , σobj),N (µbcg, σbcg)) + w3Esmooth(φ)

where the object position, its visual properties as well as the transformation be-
tween the object and the average model are to be recovered. The calculus of varia-
tions with respect to the evolving interface (level set), its projection to mean model
as well as the statistical properties of appearance of the object and the background
can be considered to recover the lowest potential of the designed cost function.
One can refer to the section 2 regarding the derivation with respect to the pose
parameters while the level set function evolves according to:

∂φ

∂t
(x) = a δ(φ(x))

(
w2div

∇φ(x)

|∇φ(x)| + w3 log
pobj (I(x))

pbcg (I(x))

)
− 2w1 s

(
sφM(x)− φ(A(x))

)
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One can also take the partial derivatives of the cost function with respect to the
mean and the standard deviation of the normal distributions describing the ob-
ject and the background intensity properties [38]. Such a method is demonstrated
in [FIGURE (11)] to address knowledge-based object extraction and can be quite
efficient when seeking objects of limited variations. On the other hand, more ad-
vanced models that are based on the same principle can be considered to address
segmentation for cases of important deformations [40].

6 Discussion

In this chapter we have studied shape representations of implicit forms, in par-
ticular distance transforms. We have demonstrated that such representations can
be quite efficient to global and local one-to-one registration. To this end, simple
similarity invariant (SSD) and more advanced registration metrics able to account
with various global transformations (mutual information) were considered in the
space of implicit functions. Local registration was addressed through free form
deformations and cubic splines in the space of distance transforms. Furthermore,
we have introduced the notion of uncertainties on the registration process to the
selected representation space.

Validation of the representation itself as well as the registration methods was
done through parametric modeling of shapes and segmentation, non-parametric
modeling and recognition and shape-driven level set based object extraction with
promising results.
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