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ABSTRACT
We presenta systematicconstructionof a classof high-
rate, well-structuredlow density parity check (LDPC)
codesbasedon combinatorialdesigns.We show that the
proposed

���������
	���������������������
-designresultsin a classof��������

-regular LDPC codes,which are systematic,quasi-
cyclic, freeof length-4andlength-6cycles,linear-timeen-
codableanddecodable,andwhich have high coderatesof��� ������ � 	 . Analysisfrom themaximumlikelihoodper-
spective shows that thedistancespectrumof the proposed
LDPC codesare better than that of the Gallagerensem-
ble codesfor the samecode length and rate. The pro-
posedcodesare then applied to several inter-symbol in-
terferencechannels,where2 high coderatesand3 block
sizesfrom short to mediumnareevaluated.For bestper-
formancegain, the i.i.d. capacityis computedto choose
the bestprecoderand iterative decodingandequalization
is performedTheproposedLDPC codesdemonstrateper-
formancethat is slightly (but noticeably)better than an
averagerandomLDPC codeof columnweight 3. Unlike
randomcodes,well-structuredLDPCcodescanlendthem-
selvesto a very low-complexity implementationfor high-
speedapplications.
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1 Intr oduction

Fifty yearsafter ClaudeShannoncomputedthe capacity
limit of memorylesschannels,we have finally constructed
practicalcodingschemesthat performcloseto the capac-
ity limit. The breakthroughof turbo andlow densitypar-
ity check(LDPC) codes[1] [2] have revitalizedthecoding
researchby introducingnew conceptsandtechniqueslike
code graph, randominterleaving and iterative decoding.
Numeroussimulationshavedemonstratedtheir remarkable!

Jing Li is currently with the Electrical and ComputerEngineering
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performance:within a fraction of a dB from the Shannon
limit on additive white Gaussiannoise(AWGN) channels
for fairly large block sizes. However, it is fair to saythat
for full deploymentin commercialsystems,complexity and
implementationissuesremainto beaddressed.

The major criticism of turbo codeshave been its
high decodingcomplexity whereeachdecodingiteration
of turbocodesinvolvestwo a posteriori probability(APP)
decodingunits matchedto the componentconvolutional
codes.An APPdecoderusuallyimplementstheBCJRal-
gorithm,which is about4 timesascomplex astheViterbi
algorithmfor thesametrellis code.

For LDPC codes,althoughboththeencodingandthe
decodingcanbe madelinear (or near-linear) in the block
length [3], hardware implementationhas not beeneasy
due to their randomstructure. In his original proposal,
GallagerdefinedLDPC codesas a classof block codes
which userandom,sparseparity checkmatrices" to de-
notetherelationsbetweencodebitsandparity-checksums
[1]. Although researchwork hasindicatedthat (properly
constrained)randomnessis importantfor nearcapacityper-
formance,codeswith structureandregularity arefar from
beingabandoned.In additionto the randomconstruction
of LDPC codes(i.e. to randomlyallocatebits in the par-
ity checkmatrixsubjectto certainconstraints),like bit fill-
ing and/oroptimizationof bit/checkdegreeprofilesusing
densityevolution, systematicconstructionsarealsobeing
proposed,which includethe approachesfrom combinato-
rial designs[5] [6] [8], finite geometries[7], Ramanujan
graph[9] and lattice designs[8]. It hasbeenshown that
in somecases(especiallyfor shortblock sizesand/orhigh
coderates,like thoseusedfor digital recordingsystems),
structuredLDPC codesmight be moreadvantageousthan
randomLDPC codeswith comparableperformanceand
with moreimplementablestructure[6] [5] [7].

In general,anLDPC codeis representedusingeither
a parity checkmatrix " or its correspondingTannergraph
which is a bipartitegraphusingbit nodesandcheck nodes
to representthecolumnsandtherowsof the " matrix and
usinginter-connectingedges to representthe relationsbe-
tweenbitsandchecks.Majorparametersfor anLDPCcode
includethe columnweight (or the bit nodedegree)# , the



row weight (or the checknodedegree)
� 1, andthe girth

(definedas the length of the shortestcycle in the Tanner
graph). An LDPC codeis said to be

� # �$�%� -regular if all
columnshave weight # andall rows have weight

�
. The

girth is importantto LDPC codesbecausetheexisting de-
coderis an iterative message-passingdecoderwhoseeffi-
ciency is adverselyaffectedby the existenceof shortcy-
cles.

In this work, we introducea classof high-rate,well-
structuredLDPC codesfrom

���&�'�$� 	 �����������(����&�)�
combi-

natorialdesigns.A key merit of consideringcombinatorial
designsfor LDPC codes,in addition to their regular and
thuseasily-implementablestructure,is thatthey arefreeof
length-4cycles[4] [6] [5] [8]. In fact,for thespecificclass
studiedin thiswork, length-6cyclesarealsosystematically
avoided.Furthermore,theproposedLDPCcodesarequasi-
cyclic and have low uniform column weight of only 2,
which considerablysimplifiesthe encoding/decodingpro-
cess(recall that thedecodingcomplexity perbit is propor-
tional to theaveragecolumnweight). Theproposedcodes
arerich in high rate(andshortblock size)region. We dis-
cussthepropertiesof this classof codesnot only from the
viewpointsof LDPC codes,but alsofrom thatof theirreg-
ular repeataccumulate(IRA) codes[14] andturboproduct
codes(TPC) [15] to facilitatethe understanding.Further,
we examinethe distancespectrumof the proposedLDPC
codesandcompareit to the Gallager’s original ensemble.
Weshow thattheproposedstructuredLDPCcodesarebet-
ter than the ensembleaverageof randomcodesfrom the
maximumlikelihood(ML) perspective (i.e. assumingan
optimaldecoderis used).

We thenmove on to evaluatetheperformanceof this
classof regularLDPC codeson inter-symbolinterference
(ISI) channels.Inter-symbol interferencechannelsarean
importantchannelmodel,commonin both wirelesscom-
municationsanddigital datarecordingsystems.Thereis
currentlygreatdealof interestin usingthe concatenation
of an LDPC codewith an ISI channel(seefor example
[10]-[13] andthe referencestherein). A detector/decoder
of suchsystemstypically comprisesof two parts:a detec-
tor/decodermatchedto the (inner) ISI channel,anda de-
codermatchedto the (outer)LDPC code. Inspiredby the
ideasand practiceof serial turbo codes,currentresearch
trendshave focusedon joint detection/decodingof thetwo
devices in an iterative fashionto achieve additionalcod-
ing gains.This is known asturboequalizationor iterative
decodingandequalization(IDE). To maximizethecoding
gains,wealsoexplorebinaryprecodingin conjunctionwith
IDE in this study. We usepartial responseclassIV (PR4)
family channelsasanexample,anddemonstratehow i.i.d.
capacitycan be computedto facilitate the choiceof the
precoder. Simulationresultsshow that * -+ dB gainscan
be achievedover uncodedISI systems(usinga maximum
likelihoodsequencedetector(MLSD) suchas the Viterbi

1For irregularLDPCcodeswhichdonotconstrainuniformrow or col-
umnweights,degreeprofiles,,�-/.�0 and 12-/.�0 , areusuallyusedto describe
thedistributionsof row weightsandcolumnweights.

detector). We observe that ISI systemsusingour combi-
natorially designedLDPC codesoutperform(slightly but
noticeably)thoseusingrandomlyconstructedLDPCcodes
(which have columnweight3 andwhich aremanuallyre-
movedof length-4cycles). Unlike randomcodes,thepro-
posedcodesare well-structuredand, hence,lend a low-
complexity implementationfor high code rate and high
speedapplications.

The rest of the paperis organizedas follows. Sec-
tion II presentsthe preliminary of combinatorialdesigns
followed by the discussionand analysisof the proposed���&�'�$� 	 ����������(��������

-designedLDPC codes. Section III
discussestheir applicationon (binaryprecoded)ISI chan-
nels. SectionIV reportssimulationresultsandSectionV
concludesthepaper.

2 Combinatorial Designsfor LDPC Codes

2.1 Preliminary

Borrowing termsfrom [6], we presentherethedefinitions
and somepropertiesof combinatorialdesignwhich are
usedin thework.

Definition : (Combinatorialdesign)

[1] A combinatorial design is anarrangementof asetof 3
points into 4 subsets,calledblocks, which satisfycertain
regularityconstraints.

[2] The incidence matrix of a combinatorialdesigngives
the (0,1)-matrix (of dimensionality46573 ) which hasa
row for eachpoint 8 anda columnfor eachblock 9 , and� 8 � 9 � � � if f point 8 is incidentwith block 9 .

[3] The covalency :
;�<>= ;@? of two points 8 � and 8 	 is the
numberof blocksthatcontainbothof them.

[4] A designis saidto be regular if the numberof points
containedin eachblock(denotedas# ) is thesamefor every
block andthenumberof blockseachpoint is incidentwith
(denotedas

�
) is thesamefor everypoint.

[5] A designis saidto bebalanced if thecovalency : ; < = ; ?
of thepointpair

� 8 � � 8 	 � is thesamefor all pairs.A regular
and balanceddesigncan be denotedas a

� 3 � 4 �$�'� # � : � -
design,where3 � � 4�# .

It follows from theabove definitionsthata combina-
torial designwith favorableconstraintscandefinea binary
LDPC code,wherethe transposeof the incidencematrix
canserveastheparitycheckmatrix " . Apparently, apoint
in a combinatorialdesigncorrespondsto a check nodein
theTannergraphor arow in " , ablock correspondsto abit
nodeor a columnin " . The " matrix has3 rows/checks,4 columns/bits(the codeword length),with row weight

�
andcolumnweight # . Covalency :BA � guaranteestheab-
senceof length-4cyclesin theTannergraph.Furthernote
thatall the rows/checksof the resulting " maynot be in-
dependentand, hence,the actualrate of the LDPC code



dependson therankof the " matrix

�C� �D�FE2G 4IH � " �4 J �D� 3 4�K (1)

An exampleis shown in Fig. 1, where3 �FL
points

are groupedin 4 � �NM
blocks with eachpoint incident

with 4 blocks and eachblock containing2 points, such
that 9 � � � 8 � � 8 	 � , 9 	 � � 8 � � 8�O � , P�P�P , 9 �RQ � � 8�S � 8�T � .
Fig.1(a)showsthecombinatorialdesign(wherealine con-
necting2 points is usedto denotea groupcontainingtwo
points),(b) shows theparity checkmatrix " of theresult-
ing LDPC code,and(c) shows the correspondingTanner
graph.It canbeeasilyverifiedthatthiscombinatorialgraph
hascovalency : � ��������� for all pairsof pointsand,hence,
is freeof length-4cycles. In fact,ascanbeseenfrom the
Tannergraph(Fig.1(c)),thiscombinatorialdesignhasalso
eliminatedlength-6cycles.

Somepopularclassesof combinatorialdesignsthat
have alreadybeenstudiedfor generatingLDPC codesare
Steiner systems or (3 � 4 �$�'� # �U� )-designs[4] andKirkman
triple systems (KTS) or (3 � 4 �$�'�@V����(���U�&� )-designswhich
are resolvable Steiner triple systems(STS) [6] [5] [8].
Otherdesignsfrom lattice [8] andRamanujangraphs[9]
are also proposed. Thesesystematically-designedLDPC
codessharethe samedesirablepropertiesof simplicity
in constructionand regularity in code structure. Some
of thesecodeshave also beenevaluatedfor use on ISI
channels,wheresimulationshave shown that 3 dB gains
over uncodedsystemsaregenerallyachievable.Below we
presentanew classof LDPCcodesfrom combinatorialde-
sign which is structurallymuchsimplerandmore imple-
mentablethan a randomLDPC code,and whoseperfor-
manceon ISI channelsare(slightly) betterthananaverage
randomLDPC code.

2.2 LDPC Codes fr om W�XZY�[\Y�]IY)^�Y`_'a�Y'b)c'd -
Design

Recall that the previous combinatorialdesignsof LDPC
codeshave primarily focusedon triple systems,like STS
and KTS. This is probably becausethat in his original
work, Gallagerprovedthat theaverageminimumdistance
of theensembleof (# �$� )-regularLDPC codewill increase
linearly in theblock size,solong ascolumnweight #fe V .
In this work, however, we presenta designwith # � � and
evaluateits performanceonISI channels.To ensuretheab-
senceof length-4cycles,we have constrained: � ��������� .
Themotivationof choosing# � � is two-folded.First, the
decodingcomplexity is proportionalto the (average)col-
umn weight and,hence,low columnweight leadsto low
decodingcomplexity (reducingcolumnweight from 3 to
2 saves1/3 of the decodingeffort!). Second,while most
of the LDPC codesstudiedhave columnweight around3
or 4, it doesnot follow that performancewill be inferior
beyond this region, see,for example, linear time encod-
able LDPC codes(whoseaveragecolumn weight A V

)

[16] and EG- and PG-LDPCcodes(whoseaveragecol-
umn weight g\gh* ) [7]. The point hereis that the rela-
tion betweentheweightandtheperformanceof anLDPC
codeis multi-faceted,andneedsto bejudgedcaseby case.
In the proposedconstruction,by choosinga low column
weightof only 2, we have reducedthepossibilityof creat-
ing (short)cycleswhichareundesirablefor iterativeproba-
bilistic decoding(andaremoresofor high-ratecodes).On
the other hand,this raisesa concernfor insufficient con-
straints,sinceeachbit participatesin only 2 checks. We
notethatalthoughtheperformanceof theproposedLDPC
codesareslightly worsethanthoseproposedby MacKay
[2] on AWGN channels,theLDPC codesproposedin this
work show advantagebothin performanceandin complex-
ity for ISI channels(with properbinary precoding). This
is primarily because,aswe mentionedabove, throughthe
useof iterative decodingandequalization,theoverall per-
formanceis not shapedby the outer code (i.e. LDPC)
alone,but ratherby eachandevery componentin thesys-
temwhich hopefully interactswith andcomplementseach
otherin harmony. Theterm“in harmony” is usedvaguely
here,and its sufficient conditionsare hard to define,but
at leastonenecessarycondition, that the outercodehave
a minimum distancee V

(in order to assureinterleaving
gain),is generouslysatisfiedin theproposeddesign(since
thegirth of theproposedcodesis at least8).

Theconstructionwepresentis asfollows.For asetof
pointscontainingevennumberof points,denotedas i �� 8 � � 8 	 � P�P�P � 8 	  kj � � 8 	  � (

�
is an integer), a block 9 will

containa pair of points,
� 8)l � 8)m � , from i where

n � �porq H ��sut`vw�����yx�z � ���@V�� + � P�P�P �|{
� ��} �~� K (2)

The exampleof
� � * is shown in Fig. 1. As men-

tioned before, this
� 3 � 4 �$�'�@���������U�&��� -designresultsin a��������

-regularLDPC code.We have:

Lemma 1: The
���������

-regular LDPC codesbasedon the
proposed

� 3 � 4 �$�'�@���������U�&��� -design(see(2)) have the fol-
lowing properties:

1. It existsfor all eveninteger 3 , suchthatthecodeword
sizeis 4 � � 3�� ��� 	 .

2. The " matrix derived from the design presentsa
quasi-cyclic LDPCcode,thatis, shiftingavalid code-
word leftwardor rightwardby 3�� � bits producesan-
other valid codeword. However, they are not M-
sequencessincethe codeword length 4 is a multiple
of 3�� � .

3. The resultingLDPC codesarelinear time encodable
andlineartime decodable.

4. TheresultingLDPC codesaresystematiccodes.

5. Thegirth of theTannergraphis 8.

6. The rankof the " matrix is
� 3 �����

and,hence,the
codewordrateis

��� �@�D��� �N3 � 	 � �����~� �)� 4 � 	 .
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Figure 1. (a)
� 3 � 4 ����������(�������� Combinatorialdesign,

where
� � * , 3 � ��� ��L

, and 4 � � 	 � �NM ; (b) " ma-
trix of theresultingLDPC code;(c) CorrespondingTanner
graph;(d) A form of linear time encodableLDPC codes;
(e) A form of turboproductcodes.

7. Thisclassof codescanbespecifiedusingonly onepa-
rameter

�
, thatis, thedesignis a

��������� 	 �$�'�@�����(���U�&�)�
-

design,andtheLDPCcodeis
���������

-regularwith code
length4 � � 	 andrate

�C� �@�D��� � ��� 	 .
The above propertiescan be conveniently verified.

Herearesomecomments.
Property1 assurestherichnessof thisdesignascom-

paredto someothercombinatorialdesigns.Specifically, we
have demonstratedthe availablecodechoicesfit for mag-
netic recordingapplications(rate g �

K L + and block sizeA�* ����M bits,a sectorin aharddiskdriver) in Fig. 2.
Property2 eliminatesthenecessityto storethegener-

atormatrix,sincetheencodingcanbeimplementedwith a
linearshift registerwith feedbackconnectionsbasedon its
generatorpolynomial.

WhereasLDPC codesare generallylinear time de-
codable,i.e., the decodingcomplexity per bit is only pro-
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Figure 2. Possiblechoicesof codesfor usein magnetic
recordingsystems.(

� g � K L + and ��A�* ����M )

Table1. Thecoderateandcodelengthof shortblock and
high rateLDPC codesfrom

��������� 	 �$�'�@�����(���U�&�)�
-design

�
13 14 15 P�P�P 62 63 64�

.852 .862 .871 P�P�P .968 .969 .9694 169 196 225 P�P�P 3844 3969 4096

portionalto theaveragecolumnweight(andthenumberof
iterations),linear-time encodabilitydoesnot comefor free
for mostof therandomconstructions[3]. For theproposed
construction,linear time encodabilityof Property3 canbe
directly inferredfrom Property2, andwe will get backto
this later aswe interpretthis classof LDPC codesin the
form of irregularrepeataccumulatecodes[14].

Although almost all LDPC codes are systematic,
Property4 will becomemoreintuitiveaswe later interpret
it in theform of turboproductcodes.

Property5 guaranteesa minimumdistanceof at least
4,which,asmentionedabove,ensurestheinterleaving gain
whenseriallyconcatenatedwith a recursiveinnercodeor a
(precoded)ISI channel.

Property6 showsthattheproposedcodestendto bea
classof highratecodes,whichareintrinsicallyfitful for ap-
plicationslike high-densitydigital datarecordingsystems.
Tab. 1 presentsa list of ratesandlengthsof somehigh rate
andshortblock LDPC codesresultingfrom theabove de-
sign.

2.3 Alter nativeViewpoints

As mentionedbefore,in additionto theperspectivesof reg-
ularLDPCcodes,theproposed

��������� 	 ��������������������
-design

canalsobe interpretedasa form of irregular repeataccu-
mulatecodes[14] and turbo productcodes[15]. Before
we provide alternative viewpoints,we notethat even dis-
regardingthequasi-cyclic property, this classof codesare
lineartimeencodable.In fact,we have:



Lemma 2: For anLDPC codespecifiedby an 3�5B4 par-
ity check� matrix " , if thereare at least (3 -1) weight-2
columnsin " which do not completea cycleamongthem,
then encodingcan be performedin linear time using the
paritycheckmatrix " .

The proof is quite simple. In fact, if there are at
least(3 ��� ) weight-2columnsin " amongwhich there
is no cycle, then we can reorderthe rows and columns
of the " matrix suchthat the submatrixformedby these
(3 ��� ) columnsarelower triangular. An exampleis shown
in Fig. 1(d) which is a reorderof the same " matrix in
Fig. 1(b). Apparentlythis becomesa form of linear time
encodableLDPC codeswhich were initially presentedin
[16]. Furthermore,acloserobservationof Fig. 1(d) reveals
that it is alsoa form of irregular repeataccumulatecodes
proposedin [14]. The lower triangularpart (left) of the "
matrix doesnothingbut plays the role of an accumulator� � ���\����� , and the other part (right) functionsto repeat
andform checksof the databits. In otherwords, this "
matrix definesan encodingprocedurewherebits arefirst
repeatedandformedchecks(in an irregular fashion),and
thentheparity sequenceis passedthroughanaccumulator.
This is exactly whata systematicIRA codedoes,andthis
(again)confirmsthelineartimeencodabilityof thecode.

It is quite interestingthat this sameclassof LDPC
codescanalsobe viewed asa specialtype of turbo prod-
uct codes(or block turbocodes(BTC)) [15]. Turboprod-
uct codesare typically describedas arraysof codewords
from systematiclinearblockcodesconcatenatedin amulti-
dimensionalform. As can be seenfrom the examplein
Fig. 1(e),theparitycheckmatrix " hasanequivalentform
of a2-dimensionalturboproductcodewhereeachrow and
eachcolumnsatisfyasingle-paritycheck.This reflectsthe
regularityin thestructureof theproposedcombinatorialde-
sign.

2.4 DistanceSpectrumAnalysis

In his original construction[1], Gallagerspecifieda class
of (# ��� )-regular LDPC codeswhose3�5�4 parity check
matrix " canbe split into # submatricesof dimensional-
ity � ��5f4 each,with eachsubmatrixof column weight
1 androw weight

�
(denotesucha submatrixas "B� � =  @� ).

Gallagerusedthe ensembleof this classof codesto de-
rive many useful analytical results. It can be seenfrom
Fig. 1(b) that the quasi-cyclic (

����
)-regular LDPC codes

constructedfrom theproposed
��������� 	 ��������������������

-design
actuallyfalls into this specialclassof Gallagercodes(call
it “Gallagerensemble”)for thecaseof # � � .

For Gallagerensemblecodeswith randomconstruc-
tion, the expectation(or the average)of the outputweight
enumeratorfunction (OWEF) canbe derived fairly easily
[1]. ConsideringGallagerensembleof (# ��� )-regularcodes
with codelength 4 , the parity checkmatrix, "B� � =  @� , con-
stitutesof # submatrices,"B� � =  @� , eachof which hasoutput

weightenumeratorfunction

� � � =  @� ���u� � 9 ���u��� 9 ���u�%� P�P�P � 9 �p�u� 
�

(3)

where
�

denotesconvolutionoperationand

9 ���u� �  � � �
even

��� �
oddK (4)

TheaverageOWEFof (# ��� )-regularGallagerensem-
ble is thusgivenby

�D ¢¡�£/£/¡( >¤$¥� � =  �� �p�¦� � � � � =  �� P
� � � =  @�§�

� j �
K (5)

If we substitute# � �
, we could computethe av-

eragedistancespectrumof
���������

-regularGallagerensem-
ble (random)LDPC codesfrom thecoefficientsof (5). We
mentionedthattheproposedLDPCcodesfrom combinato-
rial designform asubsetof Gallagerensemble.To bemore
precise,the proposed

���&�'�$� 	 �����������(����&�)�
-designleadsto

a deterministic
��������

-regular LDPC codewhich is an in-
stancein Gallagerensembleif therelevantorderof thebits
in thecodeword is ignored.In fact,theexactoutputweight
enumeratorfunctionof the proposed

��������� 	 �$�'�@�����(���U�&�)�
-

designcanbederivedfrom theperspectiveof turboproduct
codes[17]

�©¨ ¥¢ª ¨ ª¢«$¤$¬� 	 =  @� �p�u� � ��  
 
�®%¯

�
°

 
±$²�³(´µ ¤ ; ¤ §

¶ ��·¸� ° �����p� µ
 
�

(6)
where

¶ �p·¸� ° �$�%� � µ
¹ ®%¯

�$�r��� ¹ °
H

�u� °
3 � H K (7)

In Tab. 2, we comparethe output weight enumera-
tors,

� � , of theGallagerensemble
�����$�%�

-regular(random)
LDPC codes(see(5)) andtheproposedcombinatorialde-
signed

�����$�%�
-regular (structured)LDPC codes(see(6)).

For thepurposeof clarity, werepresentthenumbersin log-
arithmic scale. It is obvious that the proposedstructured
LDPC codesarebetterthanthe ensembleaverageof ran-
dom codes,with fewer codewordsat the low weight end
of the distancespectrum.Put anotherway, even with this
rigidly constrainedstructure,theproposedLDPCcodesare
above averagefrom the maximumlikelihood perspective
(with optimaldecoding).

3 Application on ISI Channels

3.1 SystemDescription

We evaluatetheproposedLDPC codeson inter-symbolin-
terferencechannels.A block diagramof theLDPC-coded



Table2. ComparingtheOutputWeightEnumeratorof Gal-
lagerEnsemble(Random)LDPC CodesandtheProposed
(Structured)CombinatorialDesignedLDPC Codes(

�
=16,4 =256,LogarithmScale)

Outputweight Gallager Proposed� ºpt�» � ¯ � � � � º¼t�» � ¯ � � � �
2 2.0529 -
4 4.2471 4.1584
6 6.4509 6.2745
8 8.6383 8.5254
10 10.7988 10.7074
12 12.9265 12.8570
14 15.0175 14.9651
16 17.0689 17.0300
18 19.0781 19.0500
20 21.0431 21.0232
22 22.9620 22.9483
24 24.8333 24.8242
26 26.6558 26.6499
28 28.4286 28.4249
30 30.1510 30.1488

ISI channelanda matchingiterative decoder/equalizeris
shown in Fig. 3. The ISI channelin the presenceof ad-
ditive white Gaussiannoiseis interpretedasa rate-1,non-
linear trellis codewith binary input andreal-valueoutput.
We inserta randominterleaver in-betweentheLDPC code
andthePRchannel,wheretheinterleaversizeis aninteger
multiple of the LDPC codeword length. As shown in the
block diagram,datasequenceis first encodedby theouter
LDPCcode,thenpassedintoarandominterleaverfollowed
by a precoder(if it exists), and then BPSK modulated
(
��½¾q\�&����½¾�r�

) beforefinally beingput onto the ISI
channel.For the innercode(i.e. the (precoded)ISI chan-
nel), a MAP decoderimplementingtheBCJRalgorithmis
used,andfor theouterLDPCcode,themessage-passingal-
gorithmis used.Overall,a soft-in soft-out(SISO)iterative
decoding/equalizationis exploitedto jointly detectandde-
codethesystem.Theturboprinciple,which is aniterative
a posteriori probability estimation/detectionwith succes-
sively refineda priori information, is strictly followed to
helpthe iterative processto approximatetheoptimalsolu-
tion. During eachiterationof themessageflow, out-bound
information (i.e. the extrinsic information) from a local
processor(eithertheinnerdecoderor theouterdecoder)is
constrainedto have the leastcorrelationwith the in-bound
information(i.e. thea priori information)to thisprocessor.

3.2 Binary Precodingand i.i.d. Capacity

That a binary precoderhasa direct impacton the perfor-
manceandtheconvergenceof theiterativeprocessof coded
ISI channelsis no longer news. Several analytical tools
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Figure3. Systemmodelfor LDPC-codedPRML channels.

havebeenusedto facilitatethechoiceof thebestprecoder,
like the thresholdcomputedusing densityevolution [12]
andtheextrinsic informationtransfer(EXIT) chart[18]. In
thiswork,wecomputei.i.d. capacityto facilitatethechoice
of precoderfor codedISI channels.

I.i.d. capacityis a usefultool to evaluatetheasymp-
totic performancegiven an infinite block/interleaver size
andperfectinterleaving. For a givencoderate

�
, thepro-

posedLDPC codehasfixed codelength of 4 � � � �@�\�� � � 	 . The perfectinterleaver which is of infinite length
will scrambleinfinite numberof blocks of LDPC code-
wordsand,hence,althougheachcodewordalwayshasgirth
8, the overall scrambledcodedbits (from infinite blocks
of codewords)will appearcycle-freeor mutually indepen-
dent.This validatestheapplicationof i.i.d. capacityto the
aforementionedsystem.

To computei.i.d. capacity, we needto evaluatelog-
likelihood ratio (LLR) information as it evolves through
thedecoder/detector. Each(sub-)decodertransformsinput
LLRs to outputLLRs whereLLRs areassumedto follow a
Gaussiandistribution that is governedby a singleparame-
ter, ¿ , themeanvalueof theLLRs:

À��¬�Á � �
�

� *&Â�¿\Ã@ÄÅ
� � Á ��Æ ¿ � 	*�¿ ��Ç � ¿ �@� ¿ ��� (8)

where
Æ � È �

is BPSK modulatedsignal put onto
the channel. In the initial iteration, the inner chan-
nel decoder/detectortakes the LLRs from the ISI chan-
nel with meanvalue ¿ÊÉ�Ë � * � ��� ¯ , that is,

À�� É�Ë �¬ ÌÇ � * Æ � ��� ¯ � L�� ��� ¯ � , where
�

is the coderateand � ¯ is
theone-sidedpowerspectraldensityof theGaussiannoise.
In subsequentruns,theinnerdecodertakestheLLRs from
theouterdecoderandviceversa.

For (inner)ISI channels,APPdecoder/detectorbased
on the BCJR algorithm is usedto examine the message
flow, andfor (outer)LDPCcodes,themassage-passingde-
coderis used.Thei.i.d. capacityof thesystemis themax-
imum of themutualinformationbetweeninput andoutput
LLRs:

Í � �� ¬ ®%Î �
Ï
j2Ï À � £/¬ ¨ É

�¬ �pÐÑ�Uºpt�» 	 � À�� £/¬ ¨ É �¬ ��ÐÑ�
À É�ËÒ � �pÐÑ��q À�� É�Ë �j � ��ÐÑ�

Æ�Ð%�
(9)
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-designed
LDPC codeson PRML channelswith differentprecoding.
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(10)

where
Æ �ÔÈ �

,
À�� É�Ë �¬ �pÐÑ�

and
À�� £/¬ ¨ É �¬ �pÐÑ�

are the pdf’s
of the input LLRs (from the ISI channel) to the sys-
tem and the output LLRs from the LDPC code after
joint decoding/detection,respectively. The secondequa-
tion holds becauseboth the symmetry condition [19],À j � �pÐÑ� � À Ò � ���¸Ð�� , and the consistency condition,À ¬ �pÐÑ� � À ¬ �$�¸ÐÑ� Ã ¬

Ó
, aresatisfiedfor LLRs (from thechan-

nelandLDPC code)in messagepassing.
As an example, we computethe i.i.d. capacityof

theproposed
���������

-LDPCcodesonEPR4channels(whose
channelresponseis " ���y� � � K +

q\�
K +
�7�\�

K +
�r	2�r�

K +
�rÕ

)
to evaluateseveral binary precoders. It is obvious from
Fig. 4 that

� � �@�r�Ö�×�Ö� 	 �
and

� � �@�r�Ö� 	 �Ö� Õ � are
worseprecodersthan

� � �@�Ø�7�y� and
� � ���Ù��� 	 � . We note

that althoughthe latter two demonstratealmost identical
i.i.d. capacitywhich implies the sameasymptoticperfor-
mances,simulationswith shortblock sizesandfinite com-
plexity revealamarginalbetterperformanceof

� � �@�%�Ú� 	 �
over

� � �@�
�Û�y� . It is neverthelessfair to saythati.i.d capac-
ity providesaconvenientmeansto evaluateaprecoder, and
thatsimilar treatmentcanbeusedfor anarbitraryISI chan-
nel to evaluatean arbitraryoutercodeand/oran arbitrary
precoder.

4 Results

We report in this section the computer simulated per-
formance of the proposedregular LDPC codes from���&�'�$� 	 ����������(��������

-designson ISI channels. Two high
coderatesof

�Ü� �
K L�L and

�
K
� * , and three interleaver

sizes of 1024, 2048 and 4096 bits are considered,re-
spectively. The channelswe investigatehave responses" �$�y� � �

K�Ý
�
Ý
�Û���

K�Ý
�
Ý
���

(known as PR4 channel)," �$�y� � � K +
q��

K +
�Þ���

K +
� 	 ���

K +
� Õ

(EPR4channel)

3.5 4 4.5 5 5.5 6 6.5
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

Eb/No (dB)

B
E

R

R=0.88, LDPC from combinatorial design

PR4, intlv=1024
PR4, intlv=2048
PR4, intlv=4096
EPR4, intlv=1024
EPR4, intlv=2048
EPR4, intlv=4096
EEPR4, intlv=2048
EEPR4, intlv=4096

Figure5. BERperformanceof rate0.88LDPCcodesfrom
combinatorialdesignson ISI channels. PR4, EPR4and
E
	
PR4 channelmodel. Interleaver size 1024, 2048 and

4096bits.

and " ����� � � K
V'�NM��Dqy�

K
M�V�� + ���y� K

M�V�� + � Õ ��� K
V'�NM��� O

(E
	
PR4channel),respectively. Unlessotherwisestated,all

curvesshown areafter8 turboiterations.
Fig. 5 plots the bit error rate (BER) curves of rate

0.88
��V����� + M��U�NM�������(����&�)� -designedLDPCcodesonPR4,

EPR4,andE
	
PR4channelswith precoder

� � �@�Ê�ß� 	 � . Al-
thoughnotshown here,for uncodedsystemwith MLSD to
reachBER of

�(� j
à
, it requiresabout10.25dB for PR4,

10.5 dB for EPR4,and10.8 dB for E
	
PR4channels,re-

spectively. Hence, * -+ dB gainsare achieved with these
high-rate,low-complexity LDPC codesof relatively short
block sizes.Further, interleaving gainphenomenonis also
observed.By increasingtheinterleaversizefrom 1K to 4K,
additional0.5dB gainis obtained.

Fig. 6 shows the BER performanceof a rate 0.88
anda rate0.94LDPC codesfrom

��V����@� + M���(M����������������� -
design and

��M * ���(��� * ��V����@���������U�&��� -design, respectively
(solid lines). For comparisonpurpose,theperformanceof
a typical LDPC codefrom therandomconstructionwhich
hascolumnweight3 andwhich is removedof length-4cy-
cles is also plotted (dashedlines)2. We seethat the pro-
posedstructuredLDPCcodesactuallyoutperform(slightly
but noticeably)therandomLDPCcode,in additionto sim-
pler andmoreimplementablestructure!

5 Conclusion

We presentin this work a classof high-rate,regularLDPC
codesfrom combinatorial

��������� 	 �$�'�@�����(���U�&�)�
-design.As

opposedto the prevalent practiceof random(-like) con-

2The PR channelis not precodedfor randomLDPC codes. This is
becausetherandomLDPCcodesinvestigatedherehave prettylargemin-
imum distanceswhich perform betterwithout precodingthan precoded
(about0.5dB difference).Hence,thecomparisonhereis fair, for it com-
paresthebestcasesin bothcodes.
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Figure6. Performancecomparisonof combinatoriallyde-
signedLDPC codesandrandomLDPC codeson ISI chan-
nels. ProposedLDPC codesare

�����U�NM��
-regular with rate

0.88 and
�����@V����

-regular with rate 0.94. RandomLDPC
codeshave uniform columnweight of 3 andconcentrated
row weight,andhaveno length-4cycles.

struction, our systematicapproachresults in codesthat
arevery well-definedandbalancedin structureandhence,
unlike randomcodes,can lend themselves to very low-
complexity implementationfor high speedapplications.
Analysisof codedistancespectrumandevaluationof the
performanceon ISI channelsrevealencouragingevidence
for deployment of the proposedcodes in future high-
densitydigital datarecordingdevicesandhigh-speedwire-
lesscommunicationsystems.
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