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Error Rate Performance of Coded Free-Space Optical
Links Over Strong Turbulence Channels

Murat Uysal, Member, IEEE, S. Mohammad Navidpour, and Jing (Tiffany) Li, Member, IEEE

Abstract—Error control coding can be used over free-space
optical (FSO) links to mitigate turbulence-induced fading. In this
letter, we present error rate performance bounds for coded FSO
communication systems operating over atmospheric turbulence
channels, which are modeled as correlated K distribution under
strong turbulence conditions. We derive an upper bound on the
pairwise error probability (PEP) and then apply the union-bound
technique in conjunction with the derived PEP to obtain upper
bounds on the bit error rate. Simulation results are further
demonstrated to verify the analytical results.

Index Terms—Atmospheric turbulence channel, free-space op-
tical communication (FSO), pairwise error probability (PEP).

1. INTRODUCTION

IRELESS optical communications, also known as free-
Wspace optical (FSO) communications, is a cost-effec-
tive and high bandwidth access technique, which is receiving
growing attention with recent commercialization successes [1],
[2]. One major impairment over FSO links is the atmospheric
turbulence, which results in fluctuations at the received signal,
severely degrading the link performance. Error control coding,
as well as diversity techniques, can be used over FSO links
to improve the error rate performance [2]-[4]. In [4], Zhu and
Kahn studied the performance of coded FSO links assuming a
log-normal channel model for atmospheric turbulence. Specif-
ically, they derived an approximate upper bound on the pair-
wise error probability (PEP) for a coded FSO communication
system with intensity modulation/direct direction (IM/DD) and
provided upper bounds on the bit error rate (BER) using the
transfer function technique. Although lognormal distribution is
the most widely used model for the probability density function
(pdf) of the irradiance due to its simplicity, this pdf model is only
applicable to weak turbulence conditions [2]. As the strength of
turbulence increases, multiple scattering effects must be taken
into account and log-normal statistics exhibits large deviations
compared to experimental data. One of the widely accepted
models under strong turbulence regime is the K distribution [2].
It was shown in [5], [6] that this channel model provides good
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agreement with experimental data in a variety of experiments in-
volving radiation scattered by strong turbulent media. It should
be further noted that K distribution was also proposed as a good
approximation to Rayleigh-lognormal channels in the wireless
radio frequency (RF) communication literature [7] and used in
the error rate performance analysis [8]. However, one should be
careful of the different underlying detection techniques in wire-
less optical and wireless RF systems: In a typical IM/DD FSO
system the received current from the optical detector is propor-
tional to the square of the electromagnetic field and thus statis-
tical models for atmospheric-induced turbulence (i.e. intensity
fading) correspond to those applied to power in the coherent RF
problem where the received current is proportional to the field.
Therefore, the results in [8] can not be applied to performance
analysis of FSO links in a straightforward manner.

II. THE CORRELATED K CHANNEL MODEL

In the K channel model for atmospheric turbulence channels
[5], [6], the irradiance I can be considered as a product of two
independent random variables I = yz, where y and z follow
exponential distribution and gamma distribution, respectively

Ty(y) = exp(—y), y>0 (1)

fo2) = a“za_rzlz?(—ozz) 7

z > 0. 2)

Here T'(.) stands for the gamma function and « is a channel
parameter related to the effective number of discrete scatterers.
By first fixing y and writing z = I /y, we obtain the conditional

pdf
e = (1) 6 (2) = (H)ew () o

in which z is the (conditional) mean value of I. The distribution
for the irradiance is then found as [2]

2 o a—
fr(l) = a1 K, (2\/(1[)./ I>0 4)

()

where K, (.) is the modified Bessel function of the second kind
of order a. For most of the practical FSO applications, the in-
tensity fading is temporally correlated. Unfortunately, a correla-
tion model for K -distributed atmospheric turbulence channels
is not available in the wireless optical literature. However, fol-
lowing the rich literature in modeling correlated K clutters for
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radar communications, we assume an exponential time correla-
tion model [9] where the fading coefficients follow the joint pdf
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In (5), the gamma random variable z,,, can be written as z,,, =
(1/2a) 21221 (g™)? in terms of channel parameter o and zero-
mean, unit variance Gaussian random variables g;". The cor-
relation among ¢;"* and g{”/ is given as p, = p|m’m/| fol-
lowing the exponential model [9], where 0 < p < 1 is the
correlation coefficient. It can be easily verified that the corre-

lation between fading coefficients I,,, and I,/ is then obtained
as pr = p,/(2+ ).

III. DERIVATION OF UPPER BOUNDS ON PEP AND BER

The PEP represents the probability of choosing the
coded bit sequence X = (Z1,Z2,...,Zn) When indeed
X = (z1,29,...,2)) was transmitted. We consider an
IM/DD link using on-off keying (OOK). Following [4], we
assume that the receiver signal-to-noise ratio (SNR) is limited
by shot noise caused by ambient light which is much stronger
than the desired signal and/or by thermal noise. In this case,
the noise can be modeled as additive white Gaussian noise
(AWGN) with zero mean and variance Ny/2, independent of
the on/off state of the received bit. Under the assumption of
maximum-likelihood soft decoding with perfect channel state
information (CSI), the conditional PEP with respect to fading

coefficients I = (I1, 5, ..., Ips) is given as [4]
. (X, X)
P(X.X|I) = N i
(X, XD . )

where Q(.) is the Gaussian-() function and (X, X ) is the en-
ergy difference between two codewords. Since OOK is used, the
receiver would only receive signal light subject to fading during
the on-state transmission. Therefore, (7) is given as

s ) =e( [

ke

P(X.X|I)=Q ( = vie )
keQ

®)

where E is the total transmitted energy and (2 is the set of bit

locations where X and X differ from each other. Defining the

SNR as 7 = E /Ny, using the alternative form for Gaussian-Q)
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function, Q(z) = (1/2m) 57/2 exp(—
tain the unconditional PEP as

22 /2sin? #) [10], we ob-

2
1
e few (-
s Yk, 2k
0

ke

PX, X) = 45in% 0

2,2
e ﬂ O
where the expectation operation in (9) should be performed over
yr and zi, k € Q. Here, || is the cardinality of §2, which also
corresponds to the length of error event. For further simplifica-
tions, we rewrite (9), exploiting the fact that the underlying dis-
tribution is a conditional negative exponential distribution with
its mean following gamma distribution, i.e.,
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where the integration in (11) is solved following [11, p. 113, Eq.

2.33]. Replacing Q(v/t) < 0.5exp(—t/2) in (11) and inserting
the resulting expression in (10), we obtain
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where a closed form expression can only be found for || = 2
as
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For the general case, i.e. [(2| > 2, the multidimensional integrals
in (12) can be carried out using NAG C Library routines [12].

The derived PEP expression can be used to obtain upper
bounds on the error probability for a coded system. For ex-
ample, consider a rate R = k/n convolutional code with the
all-zero codeword Cj and nonzero codewords C;, 7 > 0. The
average BER can be upper bounded by [13]

1 oo
<% Z P(Cj,Co)
where B; is the Hamming weight of the information sequence

and P(C;,Cy) is the PEP expression given by (12). Alterna-
tively, (14) can be written as

(14)

(e}
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where the pairwise error events are sorted by their Hamming
distances. Here, wy.o 1S the free distance of the code, S, is
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Fig. 1. Comparison of exact and derived PEPs for o = 2.

the set of codewords with Hamming weight of w and n,, is the
number of such error events.

IV. NUMERICAL RESULTS

In this section, we will first compare the derived PEP bound
with the exact PEP. Then, as an example, we will consider a con-
volutionally coded system and use the derived PEP expression
to compute upper bounds on the BER performance.

In Fig. 1, we plot the derived bounds using the approximate
PEPs given by (13) for an error event of length 2 with channel
parameters « = 2 and correlation values of p;y = 0, p;y =
0.175 and pr = 0.225. We also compute the respective exact
PEPs given by (9) and provide them as a reference (illustrated
by dashed lines). It is observed that the derived bounds match
well with the exact PEPs for high SNRs. Although the tightness
of the bound for small SNR values is somehow low (i.e. the
overlapping with the exact expression occurs asymptotically),
the derived bounds capture well the behavior for a large range
of SNR values and for all correlation values.

To further demonstrate the usefulness of derived bounds, we
take as an example the convolutional code in [13, p. 471, Fig.
8.2.2] which has a code rate of 1/3, constraint length of 3 and
minimum Hamming distance of 6. The average BER results are
computed based on a truncated version of (15) considering error
events with lengths up to 8. The results are illustrated in Fig. 2
for the K channel with parameter o = 2 for various correlation
values. In all cases considered, upper bounds on BER are in rea-
sonable agreement with the Monte-Carlo simulations. Although
there is some discrepancy in the lower SNR region, it shows a
good agreement as SNR increases. Due to the long simulation
time involved, we are able to give simulation results only up to
BER = 10~7. Considering BER = 10~ is a practical per-
formance target for a FSO link, our analytical results can serve
as a simple and reliable method to estimate BER performance
without resorting to lengthy simulations.
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Fig. 2. Upper bounds on BER for the K channel.

V. CONCLUSION

In this letter, we investigated error performance bounds for
coded FSO communication systems operating over atmospheric
turbulence channels based on a temporally correlated K channel
model. Unlike the classically used log-normal assumption, this
channel model describes strong turbulence conditions. We have
derived an upper bound on the PEP for the K channel and then
applied the union-bound technique in conjunction with the de-
rived PEP bound to obtain upper bounds on the BER perfor-
mance.
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