9/7/2005

CSE397/497-013
I ntr oduction to M obile Robotics

Kinematics Part ||

7 Sep 2005

P.C.R i
LEHIGH Dep.artment of . . College of Enginec::‘?;sn”g1
UNIVERSITYn Computer Science & Engineering and Applied Science

The Big Picture for Today

* We'll look at a forward kinematic for mobile robots

» Allows us to map wheel velocities to changes in robot position and
orientation

» Motivates the need to measure the wheel velocities well (read as
“good encoder recommendations”)

* Next we'll look at what rolling and sliding constraints ach type
of wheel

» Motions of individual wheels can be combined to compute the
(constraints on the) motion of the robot as a whole

» Another means to recover the forward kinematics
* Briefly kinematic based motion control
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Autonomous Mobile Robots, Chapter 3

Introduction: M obile Robot Kinematics

* Aim
» Description of mechanical behavior of the robot for
designand control

» Similar to robot manipulator kinematics

» However, mobile robots can move unbound with respect to its
environment
0 There is no direct way to measure the robot’s position
o Position must be integrated over time
0 Leads to inaccuracies of the position (motion) estimate
-> One of the primary challenges in mobile robotics
» Understanding mobile robot motion starts with understanding wheel
constraintgplaced on the robots mobility
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Introduction: Kinematics M odel

* Goal:

> Establish the robot velocit§=[x y 6]  asmcfion of the wheel
speed¢; , steering angl8s , steering spBeds  agddhestric
parameters of the robotdnfiguration coordinatgs

Y

. . t
» Forward kinematics b ©
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» Position estimation over time can be achieved by integrating over the
velocities
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32.1
Representing Robot Position

* Representing to robot within an arbitrary initial frame
> Initial frame: {X,,Y;} ¥
> Robot frame: {X 5, Yg}

> Robot position: & =[x y 6] %

» Mapping between the two frames !
> $R=R(9)5| =R(‘9)E{D'< y ‘9]T I !
cosd sind O
R(@)=|-sind cosd® 0 K *
0 0 1

» Example: Robot aligned with Y
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Example

. X
cos® sinB 0 i

R(®) = | _sin6 cosb 0
0 0 1

. _ 0 101X |V -
Sk = RGE, = (L1007 = |-
0 01||6 )

© R. Siegwart, |. Nourbakhsh

9/7/2005




322
Forward Kinematic M odel

« Differential Drive Robot:
» Two drive wheels with radius
» Robot frame centered at a podt
» Each wheel is a distand¢efrom P

» The right and left wheel velocities are
¢, andg,

« Just for fun® Givenr, |, 0, ¢, andg,, let’s derive the
kinematic model that will allow us to predict the robatierall
speed in the global reference frame

Autonomous Mobile Robots, Chapter 3 3.23

Wheel Kinematic Constraints. Assumptions

* Movement on a horizontal plane

* Point contact of the wheels

* Wheels not deformable PLr
LR

* Pure rolling 1
» v =0 at contact point V

* No slipping, skidding or sliding
* No friction for rotation around contact |

point \
» Steering axes orthogonal to the surface

* Wheels connected by rigid frame
(chassis)

© R. Siegwart, |. Nourbakhsh
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Whed Kinematic Constraints.
Fixed Standard W heel
Yp
4 [sinfa+4) ~coda+B) (-1)cosBIR©)E ~rp=0
[coda+B) sin(a+pB) IsinB]R@)¢ =0
7
/\13/ .
/ -~
Robot chassis -~ l
1 Robot chassis _\ o0, r
@
P | ’XR
323
Example

[Sin(()(+ B) —cos(a+ ) (—l)cosB]R(e)éI*"(‘P =0
[COS(OHr B) sin(o+ ) lsinBJR(e)éf =0

* Suppose that the wheel A is in position such that
a=0and3=0

* This would place the contact point of the wheeKpwith the plane of
the wheel oriented parallel ¥. If 6 = 0, then the sliding constraint

reduces to:
100X X
Lioofjo1o||y| = [1ool|s| ~0©
001]|6 a
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Whed Kinematic Constraints.
Steered Standard Wheel
Yp
A [sin(a+8) ~coda+p) ()cosBIR©), ~r¢=0
[coda+B) sin(a+pB) IsinB]R@)E =0
B
/ P -~ -
Robot chassis // i
1 Robot chassis _\ 7
S
P | = X
3.2.3
Whed Kinematic Constraints.
Castor Whedl
Yp
A [sinfa+8) -coda+B) (-1)cosBIR@)E ~r¢=0
[coda+B) sin(a+B) d+Ising]RG)é +dB=0
. BOAL)s |
>~ d
Robot chassis > i 0
o 17’
l 4 y
“ =
P I PXR
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Whed Kinematic Constraints.

Swedish Wheel

-

[sinf@+B+y) —coda+B+y) (-)codB+ RO ~rgcosy=0
[coda+B+y) sin(a+B+y) Isin(B+y)R@)E -rgsiny-r,p,,=0

© R. Siegwart, |. Nourbakhsh
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Whed Kinematic Constraints.

Spherical Whesel

Yg
A [sin(@+B8) -coda+pB) (-1)cosB|R@G)é -rg=0
[coda+B) sin(a+pB) IsinB]R@)E =0

© R. Siegwart, |. Nourbakhsh
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Robot Kinematic Constraints

» Given a robot wititM wheels
» each wheel imposes zero or more constraints oroth& motion
» only fixed and steerable standard wheels imposet@nts
* What is the maneuverability of a robot consideangpmbination of
different wheels?
* Suppose we have a totall£N; + N, standard wheels
» We can develop the equations for the constraintsatrix forms:

» Rolling
: @ (1)
Ji1(B)RO)E, +I,90=0 =
(Bs)R(6) 2 P(t) L¢s(t)}

N +N KL

Jis(B5)

N¢ +Ng x3

31(,33):[( s } J, =diag(r,---ry)

> Lateral movement Cur
CL(BIRO), =0 Ci(5s) :LC]S(/; J
N¢ +Ng X3

© R. Siegwart, |. Nourbakhsh
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Example: Differential Drive Robot

* Just for laugh® Let’s derive the
kinematic constraints for a differential  \ r
drive robot.

» How many fixed wheels?
» How many steerable wheels?
» Do we have to model the Castor wheel?
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33.1
M obile Robot M aneuver ability: Degree of M obility

* To avoid any lateral slip the motion vectr)é, has to satisfy the
following constraints:

CiR(6)¢, =0 (,B){ oy }
Cis(Bs)R(O)é) =0 7 [Cs(B)

* Mathematically:
> R(6)&, must belong to theull space of the projection matrixC,(5s)
> Null spaceof C,(B;) s the spad¢such that for any vectorin N

Ci(Bs)h=0

» Geometrically this can be shown by tinetantaneous Center of
Rotation (ICR)

© R. Siegwart, |. Nourbakhsh
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M obile Robot M aneuverability: Instantaneous Center of Rotation

» Ackermann Steering Bicycle

© R. Siegwart, |. Nourbakhsh
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M obile Robot Maneuverability: More on Degree of M obility

* Robot chassis kinematics is a function of the s@tdependent
constraints= rank[C,(4.)]
» the greater the rank ofG;(B;) the more caised is the mobility

* Mathematically
O = dimN[C, (B5)] =3-ranKC, ()] 0<rankCy(f)]<3

0 no standard wheels rank[Cl(,BS)] =0
o all direction constrained rank[Cl(,BS)] =3
* Examples:

» Unicycle: One single fixed standard wheel

> Differential drive: Two fixed standard wheels
0 wheels on same axle
o wheels on different axle

© R. Siegwart, |. Nourbakhsh

33.2
M obile Robot M aneuver ability: Degree of Steerability

* Indirect degree of motion
J; = rankCys (55)]
» The particular orientation at any instant imposekiematic constraint

» However, the ability to change that orientation ¢ead additional
degree of maneuverability

* Range ofds :0<d4<2

* Examples:
» one steered wheel: Tricycle
» two steered wheels: No fixed standard wheel
> car (Ackermann steeringN; = 2, N=2 -> common axle

© R. Siegwart, |. Nourbakhsh
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3.3.3
M obile Robot M aneuver ability: Robot M aneuver ability

* Degree of Maneuverability
OM =O0m t+Og

» Two robots with same,, are not necessary equal
» Example: Differential drive and Tricycle (next €)d

» For any robot withdy, =2 the ICR is alwaymstrained
tolie on a line

» For any robot withg,, =3 the ICR is not coased an
canbe set to any point on the plane

* The Synchro Drive example: 9y =0y +0s=1+1=2

© R. Siegwart, |. Nourbakhsh

3.3.3
M obile Robot M aneuver ability: Wheel Configurations

* Differential Drive Tricycle

© R. Siegwart, |. Nourbakhsh
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Autonomous Mobile Robots, Chapter 3

Five Basic Types of Three-Wheel Configurations

Omnidirectional Differential Omni-Steer Tricycle
6M =3 5M =2 SM =3 3M =2
Oy =3 8, =2 S, =2 8, =1
& =0 & =0 o =1 & =1

S

Two-Steer
3M =3
o, =1
o =2

© R. Siegwart, I. Nourbakhsh
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Synchro Drive

Oy =0+ 0, =141=2

) . Steering pulley
Direction of motion

, e Steenag motor
Turret pulley
(/Steenng belt

Drive belt

Wheel steering axis

Soh

© R. Siegwart, I. Nourbakhsh
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3.4.1
M obile Robot Wor kspace: Degrees of Freedom

* Maneuverability is equivalent to the vehicle’s degpf freedom
(DOF)
* But what is the degree of vehicle’s freedom iretsironment?
» Car example
» Workspace

» how the vehicle is able to move between differenfiguration in its
workspace?

* The robot’s independently achievable velocities
» = differentiable degrees of freedom (DDOF) &,
> Bicycle: g, =5, + 5 =1+1 DDOFL DOF=3
» Omni Drive: 9, =J,+96,=3+0  DIPE3; DOF=3

© R. Siegwart, |. Nourbakhsh
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M obile Robot Workspace: Degrees of Freedom, Holonomy

* DOF degrees of freedam
» Robots ability to achieve various poses
* DDOFdifferentiable degrees of freedom
» Robots ability to achieve various path

DDOF < J,,, < DOF

* Holonomic Robots

» A holonomic kinematic constraint can be expressaa explicit function
of position variables only

» A non-holonomic constraint requires a different teaship, such as the
derivative of a position variable

> Fixed and steered standard wheels impose non-huoloremnstraints

© R. Siegwart, |. Nourbakhsh
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Path / Trajectory Considerations: Omnidirectional Drive

Y
A

X,y 0
f
L (1)
- ! x(1)
e 0(1)
» t/[s]
. X 1 2 3
3.4.3
Path / Trajectory Considerations: Two-Steer
Yy
f Bxl’ Bs2
: A
| 60°L Bsi
1 -~ ~ ~
;J“ 60 — ¥ ~ — - By
| X, 0
| A
LN
= | ()
- 0
— [~ ()
» Xj 1 2 3 4 5 t7[s]
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Autonomous Mobile Robots, Chapter 3

An Aside Into Motion Contral (kinematic control)

* The objective of a kinematic controller is to fell@ trajectory
described by its position and/or velocity profigesfunction of time.

* Motion control is not straight forward because n®bobots are non-
holonomic systems.

* However, it has been studied by various reseam@hpgrand some
adequate solutions for (kinematic) motion contifcd anobile robot
system are available.

* Most controllers are not considering the dynamiasi® system

© R. Siegwart, |. Nourbakhsh
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Motion Control: Open Loop Control

* trajectory (path) divided in motion segments of
clearly defined shape:
» straightlinesand segments of@rcle.
* control problem:
» pre-compute a smooth trajectory
based on line and circle segments
* Disadvantages:

> It is not at all an easy task to pre-compute
a feasible trajectory

> limitations and constraints of the robots
velocities and accelerations

» does not adapt or correct the trajectory if dynaahic X
changes of the environment occur.

» The resulting trajectories are usually not smooth

M goal

© R. Siegwart, |. Nourbakhsh
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Autonomous Mobile Robots, Chapter 3 3.6.2

M otion Control: Feedback Control, Problem Statement

* Find a control matriX, if
exists

K — kll k12 le
k21 k22 k23
with k;=k(t,e)
* such that the control eft)
and aft)

R

X
v(t)
) =K@e=KO|y
2]
« drives the error e to zero.
lim e(t) =0
- © R. Siegwart, |. Nourbakhsh
3.6.2

Motion Control:
Kinematic Position Contr ol

The kinematic of a differential drive mobile
robot described in the initial frame{y,, &

is given by,
'Tx] [cos® 0
y|=|sind O
0 0 1

vy
“"" where and are the linear velocities in the
direction of thex, andy, of the initial frame.

Let a denote the angle between theaxis

of the robots reference frame and the vector
connecting the center of the axle of the
wheels with the final position.

© R. Siegwart, |. Nourbakhsh
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Kinematic Position Control: Coordinates Transfor mation

Coordinates transformation into polar coor dinates
with itsorigin at goal position:

p = ,Jsz +Ayz

o = —0+atan2(Ay, Ax)

T

B=-6-0

System description, in the new polar coor dinates

. —cosor 0 . coscl 0
P . P .
. sin o Vv . sin o v
al = | — -1 ol = |-— 1
P ® . P (0]
~sino. 0 sinac ()
p p
T
for I, = (——,-] for [, = (-n,-mt/2]U(n/2, ]
2 2 © R. Siegwart, |. Nourbakhsh
362

Kinematic Position Control: Remarks

» The coordinates transformationist defined ak =y = 0; as in such
a point the determinant of the Jacobian matrix efttansformation
is not defined, i.e. it is unbounded

* For ae [, the forward direction of the obpoints toward
the goal, fora.e 7, it is the backward diren.

* By properly defining the forward direction of thebiot at its initial
configuration, it is always possible to haco e 7, att=0. However
this does not mean thatremains in , for all timet.

© R. Siegwart, |. Nourbakhsh
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Kinematic Position Control: The Control Law

* It can be shown, that with
v = kyp O = k,0+ kpP
the feedback controlled system
p —kypcosa
o

= [k sino—k 0. kg

—kp Shte

« will drive the robot to (p,a,8)=(0,00)
* The control signa¥ has always constant sign,

without ever inverting its motion.

3.6.2

» the direction of movement is kept positive or negaturing movement
» parking maneuver is performed always in the mogirahway and

© R. Siegwart, |. Nourbakhsh
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Kinematic Position Control: Resulting Path

Robot trajectory

3.6.2
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Kinematic Position Control: Stability Issue

¢ It can further be shown, that the closed loop @stystem is locally
exponentially stable if

k,>0 ; ky<0; k, =k, >0

* Proof:
for smallx —> cox =1, sirx = x
pl |-k, 0O 01]p —k, 0 0
Gl = | 0 —(ky—ky) —kp| | A =10 —(kyk,) kg
: 0 —k 0B 0 —k 0

p P
and the characteristic polynomial of the makigf all roots

(A + k) (A7 + Alky — ko) — K kg)
have negative real parts.

© R. Siegwart, |. Nourbakhsh

CSE397/497 Intro to Mobile Robotics, Lecture 4

Summary

* Using a fairly strong set of assumptions, we wéte to develop
kinematic models for robot motion and control
» No sliding
» Single contact point
» These will be sufficient for our purposes
» Does not address kid steering vehickeg.caterpillar tracks) that rely
on sliding to turn
* Requires study of vehicle dynamics (outside thepead this course)
» Feedback control for robot systems is itself a meggearch area, in
case you are interested
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