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Uncertainty Representation

Sensing is always related to uncertainties.
What are the sources of uncertainties?
How can uncertainty be represented or quantified?
How do they propagate - uncertainty of a function of uncertain g&lue
How do uncertainties combine if different sensor reading are fused?
What is the merit of all this for mobile robotics?

Some definitions:

Sensitivity: G=out/in

Resolution: Smallest change which can be detected
Dynamic Range: valyg,/ resolution (10-10°)

Accuracy: errof,,,~ (measured value) - (true value)

Errors are usually unknown:
deterministic <¢g@===)»> non deterministic (random)

© R. Siegwart, |. Nourbakhsh
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Basic Concepts

p(x) denotes the probability that outcomeill occur (or
that propositiorx is true)

Random Variables

A random variableX can take on any values associated with its
sample space

Boolean: {true, false}, {heads, tails}
Multi-valued: {1,2,3,4,5,6} the sides of a die

Continuous:a x b

©J. R. Spletzer
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Basic Concepts (cont’'d)

Theexpected valutr a random variablX is (i.e.the mean)
defined as
m=E(X)= pX for discrete X
i=1
¥

m=E(X) = xp,(x)dx for continuous X
-¥

Thevarianceof X about the mean is defined as

S?=E[(x- m?]= ; p.(x, - m? for discrete X
=1

¥
S?=E[(x- m?*]1= (x- m?p,(x)dx for continuous X
-

©J. R. Spletzer

Probability Density Functions (PDFs)

A probability density function J§x) is a mapping of
probability values to all elemerntd X

A pdf can be discrete or continuous

multi-modal
unimodal
6 / uniform
L / /
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pdf for rolling 2 dice sample continuous pdfs
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Properties of PDFs

p(x) O
The sum of probabilities over the sample space equald.t
¥

p(x)dx =1

- ¥
For continuous distributiong(x)=0 for xT X

Rather than look at the probability of a point for atimuous
distribution, we look at the probability over intersale.

p(a£ x£b)= b p(x)dx

a
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Some Important PDFs

Theuniform distributionis defined as

1 .
PX)= b.a for x1 [a,b] 1/(b-a)
0 otherwise

Our friend, the Gaussian distribution

p(x):ﬁe 2 / \

Gaussian p(x)

Particle distributions

©J. R. Spletzer
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Probability Distribution Function

The probability distribution is defined as
b

P(b) = p(x)dx

-¥

Some properties of the probability distribution

P(b)3 P(a) " b3 a

P(x)3 0 /f \ 4
P(-¥)=0 JARN /
P(¥ ) = 1 Gaussian p(x) Gaussian P(x)

©J. R. Spletzer
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The Gaussian Distribution

e 25°

p(x) =
\2ps ?
In 2-D (assuming uncorrelated variables) this becomes

(- ”1)2+(X2' ”k)z
257 253

P =55

In ndimensions, it generalizes to

1 L mT e (x- m
e 2

PO Jaoric

A

A 1-D Gaussian distribution is defined as
1 (% m?

Gaussian p(x)
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The Gaussian Distribution (cont’d)

4.2.1

=0ando =1
2 fix) = —1L

2
exp[—(—Lx_ ) )
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Gaussian or
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The Gaussian Distribution (cont’d)

Gaussian distributions are popular for modeling senssenoi

This is often justified by the central limit theorerhigh states that given a setrof
independent variates witrbitrary PDFs of finite variance, then the average of
these tends to be normal

The ulterior motive is that Gaussian functions have meseyul mathematical
properties which allow them to be used to obtain elegaoté¢tical results

Symmetry (unbiased)

The convolution of 2 Gaussian functions is a Gaussian
The Fourier transform of a Gaussian function is a Gaussian
Separability, etc.

C Cem)? (- m)? ~ a-m)?

2s? 2s3

® = ®

1
2ps;s,
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What is Covariance?

WhenX s a vector, the variance is expressed in termsofariance matrix
C where

c; = E[(x - m)’ (x; - m)]

The resulting matrix has the form

2

Sl r12$1$2 rlnslsn
2
C - r12$1$2 52 r2n$2$n
2
rlnslsn r2n$2$n Sn

where ;; corresponds to the degree of correlation between VesidtandX|
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The Correlation Coefficient

Correlation is a means to estimate how two functssries are correlated. For a
discrete series, it is defined as

- myty, - m) c c

0 XY

W (% - n;)J (y, - m)? JC_M sx;yy

=

where denotes theorrelation coefficient

The denominator normalizes the correlation coefficgch that

r[-11]
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Correlation Examples

s |
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Properties of the Covariance Matrix

Thecovariance matribxC is symmetric and positive definite
Through asimilarity transformwith the proper rotation matrik, C can be
decomposed &8=RDR', where
sz 0 0 EVE
C =[EVE, EVE,] 0 0
0 0 s? EVE,

That is, the columns & correspond to the eigenvectors®fand the elements
of the diagonal matri® its eigenvalues

These also correspond to the primary axes of the RDfh& variances,
respectively

This means you can always define a coordinate systene\ieralues will be
uncorrelated!

©J. R. Spletzer
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Example

QUESTION: A robot’s position is estimated at (x,yJ5<7,2.1) meters on
the plane. The covariance matrix corresponding taticertainty in its
position estimates is

- s; s, _ 54729 3.9719
T s. s2 39719 45271

Xy y

Assuming a Gaussian distribution, characterize the PDF

©J. R. Spletzer
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Example (cont’d)

SOLUTION:
_ 54729 3.9719
- What this means for us is
3.9719 4.5271 that we can always extract a
nice 2D ellipse to reflect our
positional uncertainty on the
Solving for the eigenvalues, we get plane.
(/ - 5.47)(/ - 453)- 397°=0
/,=9/,=1 s2=9:s52=1 o

0664 -0.745 1 0 0664 -0.745"
-0.745 -0.664 0 9 -0.745 -0.664

QUESTION: Does this

mean that the primary axes

of the PDF correspond to
_ the coordinate axes in the
=416 robot frame?

- 0.747 oyt 0-664
' 0.664 0.747

©J. R. Spletzer
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The Error Propagation Law: Motivation

Imagine extracting a line based

on point measurements with
uncertainties.

The model parametens, (length of the

perpendicular) and; (its angle to the
abscissa) describe a line uniquely.

Xi=(ri,q)

The question:
What is the uncertainty of the extracted line knowing the uncertaiotie
the measurement points that contribute to it ?

© R. Siegwart, |. Nourbakhsh
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The Error Propagation Law

Xp— A

X System Y

. I

Error propagation in a multiple-input multi-output systerthwai
inputs andm outputs.

Y= f (X ... Xp)

© R. Siegwart, |. Nourbakhsh
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The Error Propagation Law

One-dimensional case of a f

nonlinear error propagation

problem

It can be shown, that

the output covariance

maitrix C, is given by b=

the error propagation law:

_ T

where CY - JXCXJX u .

C,: covariance matrix representing the input uncertainties

Jy: is theJacobianmatrix defined as: af,

A

L/

which is the transposed of the gradient of f(X).

9/29/2005

C,: covariance matrix representing the propagated uncertaintieshfputputs.

/ ax, v ax,

T /1 1 o
. Tl el a 3

Ix=vr- [erfm] - H[?_)Q a)(,] =

4.2.2

Wyt Oy

I

Y
X,
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Error Propagation (cont’d)

compute the uncertainty (y = f (%)

We know that _
X=X+E€

y=f(x)=f(X+¢€)» f(X)+Je

The mean of the distribution would then be
y=E[y]» E[ f(X)+ Je] = f(X)

Let s say we know the uncertainty of a variakhleand we want to

whereX is the distribution mean and zero mean noise

We can then use the Jacobian to linearly approximate

©J. R. Spletzer
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Error Propagation (cont’d)

Therefore: Y- ¥ » J€

The covariance of the transformed distribution vdathien be
C,=E[(y- ¥)(y- ¥)']» E[Jee™J"]=JC J"

Thus, to transform uncertainty across a non-linearsformation,
we perform a similarity transform with the Jacobian

Note that because of thesymbols on the previous page, (normal)
distributions are NOT preserved

©J. R. Spletzer
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Feature Extraction - Scene Interpretation

k: scene
sensing inter-
7 pretation

A mobile robot must be able to determine its relahip to the
environment by sensing and interpreting the meassignals.

A wide variety of sensing technologies are available as we haversee
previous section.

However, the main difficulty lies in interpreting these d#taf is, in
deciding what the sensor signals tell us about the environment.

Environment

Choice of sensors (e.g. in-door, out-door, walls, free space ...)
Choice of the environment model

© R. Siegwart, |. Nourbakhsh
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Feature

Features are distinctive elements or geometric primiti/&secenvironment.

They usually can be extracted from measurements and nattbaihy
described.

low-level features (geometric primitives) like lines, leisc
high-level features like edges, doors, tables or trash cans.

In mobile robotics features help for
localization and map building.

© R. Siegwart, |. Nourbakhsh
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Environment Representation and Modeling® Features

Environment Representation
Continuous Metric ® Xy,
Discrete Metric ® metric grid
Discrete Topological ~ ® topological grid
Environment Modeling
Raw sensor data, e.g. laser range data, grayscale images

large volume of data, low distinctiveness
makes use of all acquired information
Low level features, e.g. line other geometric features
medium volume of data, average distinctiveness
filters out the useful information, still ambiguities
High level features, e.g. doors, a car, the Eiffel tower
low volume of data, high distinctiveness
filters out the useful information, few/no ambiguities, noughdnformation

© R. Siegwart, |. Nourbakhsh
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Environment Models: Examples

(") Y A}

sl 3 \\* i

4F -
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x [m]
A: Feature base Model

B: Occupancy Grid
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Feature extraction base on range images

4.3.1

especially for indoor applications.

Geometric primitives like line segments, circles, cornedges

Most other geometric primitives the parametric descriptiah®features
becomes already to complex and no closed form solutions exist

However, lines segments are very often sufficient to mibaéeénvironment,

© R. Siegwart, |. Nourbakhsh
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431
Features Based on Range Data: Line Extraction (1)
p;cos(0;,—a)—r = d, ,
[ 4
Least Square = (s 6)

S = Edf = z‘(picos(ei—ot)—r)2

oS oS
o 0 5 0 .
Weighted Least Square
w; = 1/0152

2 2
S =Y wd =Y wi(p;cos(6,—a)-r)

© R. Siegwart, |. Nourbakhsh
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Features Based on Range Data: Line Extraction (2)

4.3.1

17 measurement ,1%/

error () proportional tar 2 BN
weighted least square: *X )

w; = 1/0 EZ ol ﬁ p

Zwipi2 sin20, — Ez—zzmwjpipjcos 6;sin6;

1
ZWipf 0820, — }E—ZZwiwjpipjcos(ei +0))

o = lthél.l’l

Y wip,cos(6; - o)
p= i1

2%
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Propagation of uncertainty during line extraction

031 Oz ’?

Car = »| £ (output covariance matrix)
O4r Or
. 2
Cy = {CP 0] = dlag(cpi) 0 2nXx2n
0 & 0 diag(Géi)
Jacobian:
da da  do oo da_ do
_ |oP, 3P, " 9P, 30, 00, " 30
JPQ = n n
N NS
oP, 3P, 3P, 30, 90, 30,

Capr=1J PQCX J IIQ
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Segmentation for Line Extraction

A set of nyneighboring points
of the image space

b) Model Space

Evidence accumulation in the model space

_.T _
(JC i X ) (X v X ) <d m — Clusters of normally distributed vectors

Fig 4.36

Clustering: Finding neighboring segments of a common line

© R. Siegwart, |. Nourbakhsh
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Angular Histogram (range)

43.1

© R. Siegwart, I. Nourbakhsh
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Extracting Other Geometric Features

43.1

© R. Siegwart, I. Nourbakhsh
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Feature extraction

4.3.2

information.

Scheme and tools in computer vision

Recognition of features is, in general, a complex procedur&irepa
variety of steps that successively transform the icorti arecognition

Handling unconstrained environments is still very challengioglpm.

© R. Siegwart, |. Nourbakhsh
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Visual Appearance-base Feature Extraction (Vision)

4.3.2

Image Processing Scher
Computer Vision

transfor-

model

S
g simplified image
environment .
groups of pixel
A
c
=]
S
IS ;
- properties
e
=]
= matching -a—
(o))
o
° |

Tools in Computer Visio

© R. Siegwart, |. Nourbakhsh
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Feature Extraction (Vision): Tools

Conditioning
Suppresses noise

Background normalization by suppressing uninteresting systematattermed
variations

Done by:
gray-scale modification (e.g. trasholding)
(low pass) filtering
Labeling

Determination of the spatial arrangement of the events,dagching for a
structure

Grouping
Identification of the events by collecting together pixel pigiditing in the same
kind of event

Extracting
Compute a list of properties for each group

Matching (see chapter 5)

© R. Siegwart, |. Nourbakhsh
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Filtering and Edge Detection

Gaussian Smoothing
Removes high-frequency noise
Convolution of intensity image | with G:

with:

Edges
Locations where the brightness undergoes a sharp change,
Differentiate one or two times the image
Look for places where the magnitude of the derivative is large.
Noise, thus first filtering/smoothing required before edge tietec

© R. Siegwart, |. Nourbakhsh
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Edge Detection

Ultimate goal of edge detection
an idealized line drawing.
Edge contours in the image correspond to important scgriews.

4.3.2

© R. Siegwart, I. Nourbakhsh

Optimal Edge Detection:Canny

The processing steps
Convolution of image with the Gaussian function G
Finding maxima in the derivative

Canny combines both in one operation

4.3.2

D $ *DXVVLDQ IXQFWLRQ E | TKHDXLWWID GHYQF 'WR®H R

© R. Siegwart, I. Nourbakhsh
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432
Optimal Edge Detection:Canny 1D example

(a) Intensity 1-D profile of an ideal step edge.

(b) Intensity profilel(x) of a real edge.

(c) Its derivativd’(x).

(d) The result of the convolutidR(x)= G’ A I, whereG’ is the first
derivative of a Gaussian function.

© R. Siegwart, |. Nourbakhsh
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Optimal Edge Detection:Canny

1-D edge detector can be defined with the followsteps:
1. Convolute the imagewith G’ to obtainR.
2. Find the absolute value &.

3. Mark those peak®] that are above some predefined threshialdhe
threshold is chosen to eliminate spurious peaks due to noise.

2D ® Two dimensional Gaussian function

© R. Siegwart, |. Nourbakhsh
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Optimal Edge Detection:Canny Example

a) Example of Canny edge detection
b) After nonmaxima suppression

4.3.2

© R. Siegwart, I. Nourbakhsh

Gradient Edge Detectors

Roberts

Prewitt

Sobel

4.3.2

© R. Siegwart, I. Nourbakhsh
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Example

Raw image

Filtered
(Sobel)

Thresholding

Nonmaxima
suppression

4.3.2

© R. Siegwart, |. Nourbakhsh
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Nonmaxima Suppression

Output of an edge detector is usually a b/w
image where the pixels with gradient magnitude
above a predefined threshold are black and all
the others are white

Nonmaxima suppression generates contours
described with only one pixel thinness

4.3.2

© R. Siegwart, |. Nourbakhsh
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Comparison of Edge Detection Methods

Average time required to compute the edge figure of a 780 xi%éI3 pnage.

The times required to compute an edge image are propontihahe accuracy of
the resulting edge images

© R. Siegwart, |. Nourbakhsh

432
Dynamic Thresholding

Changing illumination
Constant threshold level in edge detection is not suitable
Dynamically adapt the threshold level

consider only the n pixels with the highest gradient magnitude fdrefurt
calculation steps.

(a) Number of pixels with a specific gradient magnitudénéimage of Figure 1.2(b).
(b) Same as (a), but with logarithmic scale

© R. Siegwart, |. Nourbakhsh
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object

Connected Component Labeling

Grouping, Clustering: Assigning Features to Features

4.3.2

[
N
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Floor Plane Extraction

Vision based identification of traversable
The processing steps

Initialize a histogram array H witlm intensity values:
for

For every pixel (x,y) in;increment the histogram:

As pre-processing, smootluking a Gaussian smoothing operator

4.3.2

© R. Siegwart, |. Nourbakhsh

25



9/29/2005

Autonomous Mobile Robots, Chapter 4

Whole-Image Features

4.3.2

OmniCam

© R. Siegwart, I. Nourbakhsh
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Image Histograms

4.3.2

The processing steps

Initialize with n levels:
For every pixel (x,y) in

As pre-processing, smooth

using a Gaussian smoothing operator

increment the histogram:

© R. Siegwart, I. Nourbakhsh
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Image Fingerprint Extraction

Highly distinctive combination of simple features

4.3.2

© R. Siegwart, |. Nourbakhsh
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Example:

Suppose:

the segmentation problem has
already been solved,

regression equations for the
model fit to the points have a
closed-form solution — which is
the case when fitting straight
lines.

that the measurement

uncertainties of the data points
are known

4 XX

© R. Siegwart, I. Nourbakhsh
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Line Extraction

n measurement points in polar coordinates
modeled as random variables

Each point is independently affected by Gaussian noise ircbotdinates.

Estimating a line in the least squares sense. The modeheters (length of
the perpendicular) and (its angle to the abscissa) Heaaniquely a line.

4 XX

© R. Siegwart, |. Nourbakhsh
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Line Extraction

Task: find the line

This model minimizes therthogonaldistances f a point

Let Sbe the (unweighted) sum of squared errors.

4 XX

to the line

© R. Siegwart, |. Nourbakhsh
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Line Extraction

The model parameters are now found by solvingdhnénear equation system

Suppose each point a known variance  modelling tbertainty in radial and
angular.

variance is used to determine a weight  for each singig,Eog.

Then, equation (2.53) becomes

© R. Siegwart, |. Nourbakhsh
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Line Extraction

It can be shown that the solution of (2.54) in the weighted least
square sense is

How the uncertainties of the measurements propagate through
‘the system’ (eq. 2.57, 2.58)7?

© R. Siegwart, |. Nourbakhsh
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Line Extraction Error Propagation Law

given the2n x 2n input covariance matrix:

and the system relationships (2.57) and (2.58). Then by attmuthe Jacobian

we can instantly form the error propagation equatiore{iliyig the sough€,

© R. Siegwart, |. Nourbakhsh
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Feature Extraction: The Simplest Case — Linear Regression

Linear Regression
Yi=a+ bXj+ g

g :iny direction ~N(0,5?)

> g, b such that Sg? is minimal.

Model for straight lines:

xcos(a) + ysin(a) —-r = 0

Model for circles:

(x+x)°+(y+y)?=r' =0 X

-
-

© R. Siegwart, |. Nourbakhsh
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Feature Extraction: Nonlinear Linear Regression

1) For straight lines A measure of the estimate’s uncertainty:
covariance matrix Ta 2,
Pi=(ri, q) Saa” _ [ﬂ_ri(“_)}si
|
S.. S 2
A / Car=| sev (o]t
y Sar Sir i Ty~
X -
J_. S,,= COVIAR]
xjcos(a)+ ysin(a) -r = g Apply error propagation law

2) For circles

in order that e,2 is minimal:
i
T (xcos(a)+ ysin(a) —n2 = 0 Anonlinear oy —=
i equation 7
X

fa
|
1 . 2 _ system
_ : + — =
T (x;cos(a)+ ysin(a) —n 0 ®ar
i 2 2 2
(X +X) (Y +y) =1 = ¢
© R. Siegwart, |. Nourbakhsh
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Feature Extraction / Sensory Interpretation

A mobile robot must be able to determine its relationshtpeeenvironment
by sensing and interpreting the measured signals.

A wide variety of sensing technologies are available abave seen in
previous section.

However, the main difficulty lies in interpreting theseaddhat is, in
deciding what the sensor signals tell us about the environment.

Choice of sensors (e.qg. in-door, out-door, walls, free space ...)
choice of the environment model

© R. Siegwart, |. Nourbakhsh
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