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Today’s Agenda

• Questions on Homework 4

• The Extended Kalman Filter

5.2.1
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The Discrete Kalman Filter (1)
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• The main idea behind the Kalman filter is that you do not just have an estimate 
for a parameter x but also have some estimate for the uncertainty in your value 
for x

• This is represented by the variance/covariance of the estimate Px

• There are many advantages to this, as it allows you a means for estimating the 
confidence in your robot’s ability to execute a task (e.g. navigating through a 
tight doorway)

• In the case of the KF, it also provides a nice mechanism for optimallycombining 
data over time

• This optimality condition assumes we have linear models, and the error 
characteristics of our sensors can be modeled as zero-mean, Gaussian noise

The Discrete Kalman Filter (2)
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• Suppose we are trying to estimate the value of a 1D constant from 
corrupted sensor measurements.  Our process model is then 

• The KF equations then are

1-D Example
Estimating a Random Constant
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• Let us assume that x*=7.5, Q=0.01, R=9

• With perfect knowledge of the process and sensor covariance model, we obtain

Simulation Results (1)
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Filter Simulation in Action
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• Let’s say that we are going to use a Kalman filter to localize our 
robot from  range measurement to RF beacons with known 
location

• We could write our state update equation as 

• Now let’s look at our measurement equations taking range to a 
beacon at (xb, yb)

• Houston, we have a problem…

Kalman Filter Localization (1)
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• For many applications, the time update and measurement equations 
are NOTlinear.  As a consequence, the KF is not applicable

• However, the KF is such a nice algorithm that maybe if we linearize
around the non-linearities, we can still get good performance in 
practice

• This line of thought lead to the development of the Extended Kalman
Filter (EKF)

• By relaxing the linear assumptions, the use of the KF is extended 
dramatically

• Life Rule:  There is no such thing as a free lunch

• We can no longer use the word “optimal” with the EKF

Kalman Filter Localization (2)
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• The Extended Kalman (EKF) is a sub-optimal extension of the original KF 
algorithm

• The EKF allows for estimation of non-linear processes or measurement 
relationships

• This is accomplished by linearizingthe current mean and covariance estimates 
(similar to a first order Taylor series approximation)

• Suppose our process and measurement equations are the non-linearfunctions

The Extended Kalman Filter (EKF)
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• For the state update equation, we do not know the noise values at 
each time step.  So, we approximate the state and without them

EKF Time Update Phase (1)
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• However when we propagate the covariance ahead in time, the underlying 
function needs to be linear in order to properly combine the Gaussian
uncertainty in our state x –our covariance matrix P-

k+1 with our process 
uncertainty Q

• Q:  How do you think we could do this?

• A:  Linearization.

• Again, our wonderful friend the Taylor series comes to the rescue �

EKF Time Update Phase (2)
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� Let�s say we know the uncertainty of a variable x, and we want to 
compute the uncertainty of  y=f(x)

� We know that 

where     is the distribution mean and � is zero mean noise

� We can then use the Jacobian to linearly approximate y

� The mean of the distribution would then be 

� Therefore

Transforming Uncertainty (1)
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� The covariance of the transformed distribution would then be  

� Thus, to transform uncertainty across a non-linear transformation, we 
perform a similarity transform with the Jacobian

� Note that because of the � symbols on the previous page, normal 
distributions are NOT preserved

� The optimality/robustness of the KF allows the EKF to work well in 
practice

T
x

TTT
y JJCJJEyyyyEC =»--= ][]))([( ee��

Transforming Uncertainty (2)
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• So the covariance is projected ahead as

where A is now the Jacobian of f with respect to x and

W is the Jacobian of f with respect to w
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• Assume that we have a mobile robot using odometry and range 
measurements to landmark to estimate its position and orientation

• Assume that the odometry provides a velocity estimate V and an 
angular velocity estimate � that are both corrupted by gaussian
noise

• We can write the state update equation as 

which is obviously non-linear in the state

EKF Robot Implementation Example (1)
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• We calculate the JacobianA as

• We calculate the JacobianW from the sensor measurements as

EKF Robot Implementation Example (2)
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• Again, in the measurement update we can have a non-linear relationship 
between our measurements and state

and once again we will assume that the noise is zero 

• To propagate uncertainty, we shall again have to calculate the appropriate 
Jacobians

� H is the Jacobian relating changes in h to changes in our state x

� V is the Jacobian relating changes in h to changes in the measurement 
noise v

• These are then substituted into the original KF as appropriate

EKF Measurement Update Phase (1)
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• Computing the Kalman Gain:

• State Update:

• Covariance Update:
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• Let’s go back to our beacon example and let’s assume we have a single beacon.  
From this, our range measurement can be written as 

where xb and yb are constants

• The JacobiansH and V can then be calculated as

• Note that if this were the only measurements available then � would be 
unobservable

• Q:  How do we address this?

Kalman Filter Localization Example Revisited
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The Discrete Extended Kalman Filter
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• The EKF approximates the KF using linearization about the current state estimate

• These linearizations can be particularly problematic in estimating robot 
orientation

• Hybrid approaches often use KF based solutions to estimate position and a 
particle filter based for estimating orientation (even viable in 3D)

• Linearizations also tend to yield an overconfident estimate of the covariance in 
the state estimate – meaning that the robot thinks its pose estimate is better than it 
actually is

� Can address this to a point by artificially inflating the Q & R matrices 

• In practice, the covariance matrices have to be “tuned” empirically to optimize 
system performance

Issues with the EKF

Autonomous Mobile Robots, Chapter 5

© R. Siegwart, I. Nourbakhsh

Kalman Filter for Mobile Robot Localization

Measurement Prediction: Example

• The generated measurement predictions have to be transformed to the 
robot frame {R} 

• According to the figure in previous slide the transformation is given by

and its Jacobian by 

5.6.3
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Kalman Filter for Mobile Robot Localization

Matching

• Assignment from observations zj(k+1) (gained by the sensors) to the targets zt (stored in 
the map) 

• For each measurement prediction for which an corresponding observation is found we 
calculate the innovation:

and its innovation covariance found by applying the error propagation law:

• The validity of the correspondence between measurement and prediction can e.g. be 
evaluated through the Mahalanobis distance:

5.6.3

Autonomous Mobile Robots, Chapter 5
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Kalman Filter for Mobile Robot Localization

Robot Position Prediction

• In a first step, the robots position at time step k+1 is predicted based on 
its old location (time step k) and its movement due to the control input 
u(k):
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5.6.3
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Kalman Filter for Mobile Robot Localization

Robot Position Prediction: Example
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Kalman Filter for Mobile Robot Localization

Observation 

• The second step it to obtain the observation Z(k+1) (measurements)  from 
the robot’s sensors at the new location at time k+1

• The observation usually consists of a set n0 of single observations zj(k+1) 
extracted from the different sensors signals. It can represent raw data 
scansas well as featureslike lines, doorsor any kind of landmarks.

• The parameters of the targets are usually observed in the sensor frame 
{S} . 

� Therefore the observations have to be transformed to the world frame {W} 
or 

� the measurement prediction have to be transformed to the sensor frame {S}. 
� This transformation is specified in the function hi (seen later).

5.6.3
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Kalman Filter for Mobile Robot Localization

Observation:  Example
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Kalman Filter for Mobile Robot Localization

Measurement Prediction

• In the next step we use the predicted robot position 
and the map M(k) to generate multiple predicted observations zt.

• They have to be transformed into the sensor frame

• We can now define the measurement prediction as the set containing 
all ni predicted observations

• The function hi is mainly the coordinate transformation between the 
world frame and the sensor frame

5.6.3
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Kalman Filter for Mobile Robot Localization

Measurement Prediction: Example

• For prediction, only the walls that are in 
the field of view of the robot are selected.

• This is done by linking the individual
lines to the nodes of the path

5.6.3

Autonomous Mobile Robots, Chapter 5
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Kalman Filter for Mobile Robot Localization

Matching: Example

5.6.3
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Kalman Filter for Mobile Robot Localization

Matching: Example

• To find correspondence (pairs) of predicted and observed features we 
use the Mahalanobis distance

with

5.6.3

Autonomous Mobile Robots, Chapter 5
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Kalman Filter for Mobile Robot Localization

Estimation: Applying the Kalman Filter

• Kalman filter gain:

• Update of robot’s position estimate:

• The associate variance

5.6.3
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Kalman Filter for Mobile Robot Localization

Estimation: 1D Case

• For the one-dimensional case with                                         we can 
show that the estimation corresponds to the Kalman filter for one-
dimension presented earlier.

5.6.3

Autonomous Mobile Robots, Chapter 5
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Kalman Filter for Mobile Robot Localization

Estimation: Example

• Kalman filter estimation of the new robot 
position              : 

� By fusing the prediction of robot position 
(magenta) with the innovation gained by 
the measurements (green) we get the 
updated estimate of the robot position 
(red)

)(ˆ kkp

5.6.3
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Autonomous Indoor Navigation (Pygmalion EPFL)

� very robust on-the-fly localization
� one of the first systems with probabilistic sensor fusion
� 47 steps,78 meter length, realistic office environment,
� conducted 16 times > 1km overall distance
� partially difficult surfaces (laser), partially few vertical edges (vision)

5.6.3

Autonomous Mobile Robots, Chapter 5

© R. Siegwart, I. Nourbakhsh

Other Localization Methods (not probabilistic)

Localization Baseon Artificial Landmarks

5.7.1
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Other Localization Methods (not probabilistic)

Localization Base on Artificial Landmarks

5.7.1

Autonomous Mobile Robots, Chapter 5
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Other Localization Methods (not probabilistic)

Localization Base on Artificial Landmarks

5.7.1
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Other Localization Methods (not probabilistic)

Positioning Beacon Systems: Triangulation

5.7.3

Autonomous Mobile Robots, Chapter 5

© R. Siegwart, I. Nourbakhsh

Other Localization Methods (not probabilistic)

Positioning Beacon Systems: Triangulation

5.7.3



11/7/2005 22

Autonomous Mobile Robots, Chapter 5

© R. Siegwart, I. Nourbakhsh

Other Localization Methods (not probabilistic)

Positioning Beacon Systems: Triangulation

5.7.3

Autonomous Mobile Robots, Chapter 5
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Other Localization Methods (not probabilistic)

Positioning Beacon Systems: Docking

5.7.3
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Other Localization Methods (not probabilistic)

Positioning Beacon Systems: Bar-Code

5.7.3
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Other Localization Methods (not probabilistic)

Positioning Beacon Systems
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Autonomous Map Building

Starting from an arbitrary initial point, 
a mobile robot should be able to autonomously explore the 

environment with its on board sensors, 
gain knowledge about it, 

interpret the scene, 
build an appropriate map 

and localize itself relative to this map.

SLAM
The Simultaneous Localization and Mapping Problem

5.8

Autonomous Mobile Robots, Chapter 5

© R. Siegwart, I. Nourbakhsh

Map Building:

How to Establish a Map

1. By Hand

2. Automatically: Map Building

The robot learns its environment

Motivation:
- by hand: hard and costly
- dynamically changing environment
- different look due to different perception

3. Basic Requirements of a Map:
� a way to incorporate newly sensed

information into the existing world model

� information and procedures for estimating 
the robot’s position

� information to do path planningand other 
navigation task(e.g. obstacle avoidance)

• Measure of Quality of a map
� topological correctness

� metrical correctness

• But: Most environments are a mixture of 
predictable and unpredictable features
® hybrid approach

model-based vs. behaviour-based

12 3.5

predictability

5.8
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Map Building:

The Problems

1. Map Maintaining: Keeping track of 
changes in the environment

e.g. disappearing
cupboard

- e.g. measure of belief of each 
environment feature

2. Representation and 
Reduction of Uncertainty

position of robot -> position of wall

position of wall -> position of robot

• probability densities for feature positions
• additional exploration strategies

?

5.8
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General Map Building Schematics

5.8.1
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Map Representation

• M is a set n of probabilistic feature locations

• Each feature is represented by the covariance matrix St and an 
associated credibility factor ct

• ct is between 0 and 1 and quantifies the belief in the existence of the 
feature in the environment

• a and b define the learning and forgetting rate and ns and nu are the 
number of matched and unobserved predictions up to time k, 
respectively.

5.8.1
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Autonomous Map Building

Stochastic Map Technique

• Stacked system state vector:

• State covariance matrix:

5.8.1
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Autonomous Map Building

Example of Feature Based Mapping (EPFL)

5.8.1
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Cyclic Environments

• Small local error accumulate to arbitrary large global errors!
• This is usually irrelevant for navigation
• However, when closing loops, global error does matter

5.8.2

Courtesy of Sebastian Thrun
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Dynamic Environments

• Dynamical changes require continuous mapping

• If extraction of high-level features would be
possible, the mapping in dynamic
environments would become 
significantly more straightforward.

� e.g. difference between human and wall
� Environment modeling is a key factor 

for robustness
?

5.8.2
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Map Building:

Exploration and Graph Construction

1. Exploration

- provides correct topology
- must recognize already visited location
- backtracking for unexplored openings

2. Graph Construction

Where to put the nodes?

• Topology-based: at distinctive locations

• Metric-based: where features disappear or 
get visible

explore
on stack
already
examined

5.8


