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Class Objectives

e Review transformations from the
world frame to the image plane

e Demonstrate how unknown camera
parameters can be recovered
through camera calibration



References

e Trucco & Verri Ch. 2 & Ch. 6

e Caltech Matlab Calibration Toolbox
http://www.vision.caltech.edu/bouguetj/calib _doc/



The Perspective Camera Model

A e O is the center of
projection

e 0 is the principal point

e fis the focal length

e pis the image of the
world point P,

optical
axis



Perspective Camera

e The 3D reference frame with origin O is referred
to as the camera frame

e We can then relate points in space with points on
the image frame by the following fundamental
equations of the perspective camera model

x:fﬁ y=f =%

Z, Z,



In Class Exercise ®

The focal length Of the ]S]ght CCD Form Factors
camera is nominally 2.8 mm.

1/4" Ez,mnm
It uses a ¥4” form factor CCD 3,2 i
What are the horizontal and ” Zm
vertical fields of view (FOV) for
the camera? vz | 7 Jaem
You are tracking a tennis ball
with a diameter of 64mm, and 23 | 3 [esmm
it’s radius is 64 pixels in the T
image, what is its distance from
the camera frame? " The Imaging Source




Homogeneous Coordinates

Homogeneous Coordinates provide a convenient
means for representing and composing multiple rigid
transformations

The dimension of each coordinate is increased by 1:
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Homogeneous Coordinates

Homogeneous Coordinates provide a convenient
means for representing and composing multiple rigid
transformations

The dimension of each coordinate is increased by 1:

o _ X
o X
X y
=Y —
y4
- - 1 Z
- - - - 1

Last coordinate normally “normalized” to 1



Perspective Camera

e Recall that for the perspective model, we have

x:fﬁ y:fﬁ
Zy, Zy,

and to convert from pixels to camera coords
e I
y = _(yim _Oy)sy

and from the world frame to the camera frame
P.=R(R, —t)




Perspective Camera (cont’d)

e Putting it all together, we have

_ — RiT(PW 1)
_ _ — R;-(PW —t)
(yim Oy)Sy f R;'(PW _t)

where R; is the vector formed from the it" row of
the rotation matrix R



Perspective Camera (cont’d)

o Neglecting radial distortion, we can rewrite this
as a matrix product where

o i} i -
A UG o s —Rt
- _ T
My =| O %y 0, Moo =|Tar Top Tz — R
0 0 1 T Tz Tz — RsTt_

and where now

(X
( w
X Y.
X2 — I\/Iintlvlext Z
X3 ) .




Perspective Camera (cont’d)

« Note that the ratios x,/x; and x,/x; are (X;,Yim)

(X )
/Xl\\ XW
YW
Xz :MintMext Z
X .
1)

e This formulation is nice in that it separates the
process from world coordinates to image
coordinates into 2 steps

- M., transforms points in the world frame to points in
the camera frame

- M,, transforms points from the camera frame to points
on the image plane



Example 1: Intrinsic Parameters Known
& Camera Frame = World Frame

e Returning to our iSight Example:

-32
®
280

A

@

280mm

e P, =[-32mm, 0, 280mm]’ [8}
° What iS pim? W,C y



Example 1 (cont’d)

e For f=2.8mm and s,=s =5um, and assuming that
(o, 0,) = (320,240)

f
A O Ol rss0 0 320
0 -560 240

0 0 1 _O 0 1

<
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int —




Example 1 (cont’d)

e When the camera frame is coincident with the
world frame, we have

-
, N I — ?1t
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1 T T3 ~ ?3t_
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Example 1 (cont’d)

e From these we obtain

S 3S

=M

int

M

X W
YW
ext
1

Z

W

560
0
0

and the result for p,, as

Pim

(71680)
6/200

| 280

0

0

280

320!
—560 240
1

o O Bk

(256
240

o O
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— O O
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240

1)

-32

280




Example 2: Intrinsic Parameters Known
& Camera Frame Translated

e Let us now assume that the camera frame C is

translated from the world frame W by
t =[32, 0, 100]"

-32
T @
> (280

. Z

280mm




Example 2 (cont’d)

From these we obtain

=M. M

int

S 3S

ext

N < X

=

and the result for p,, as

Pim

140

560 0 320
0 =560 240
0 o0 1
(8960 ) .
33600 | = —

1 0
0 1
0 0

(64 )
240

1)

0
0
1

(64 )

240

1)

-32

280




Example 3: Intrinsic Parameters Known
& Camera Frame Translated/Rotated

e Assume that the camera frame C is translated by
t =[32, 0, 100]" and then rotated by an angle of 90
degrees about the y-axis

~ 3
— Q.
> | 280
XT (32
.

280mm




Properties of Rotation Matrices

det(R) =1, RT=R"
R=| denotes no rotation
The rows/columns of R form an orthonormal basis

In three dimensions:

' cosé 0 sind]
0 1 0
_—sinH 0 cosH_

1 O 0
R =|{0 cosfé -snéb
0 snfd cosf |

'cosd -sind O]
R ={snd cosfé O
0 0 1




e From these we obtain

X
X2

=M. M

int

ext

Example 3 (cont’d)

N < X

=

[ 560

0
0

0 32000 0 1 -140
-560 240 0 1 O O
0 1 (-1 00 32

and the result for p,, as

Pim

/ / z
08880 . 1545\ ( (1545
15360 | = a 240 |=| 240
. 64 ) 1) U1

- 32

280




Camera Calibration

Until this point, it was assumed that the intrinsic
parameters (f, o,, 0,) were known a priori

While these can be estimated from the
components, for accurate stereo reconstruction,
motion estimation, etc., more accurate values are
required

As such, an explicit calibration procedure is
required to estimate the intrinsic parameters

We will also use this to recover the extrinsic
parameters

We will ignore geometric effects (lens distortions)
in this calibration procedure



The Projection Matrix

e We know that world and image coordinates are
related by a projection Matrix M

(X ) (X )
/Xl\\ XW XW
YW YW
Xz :MintMext Z :M Z
1) 1)

e The calibration procedure we will discuss is made
up of 3 phases

- Obtain a set of world/image correspondences
- Estimate M from the correspondences

- Decompose M into its respective components



Step 1: Obtaining
World/Image Correspondences

e This calibration assumes that we can obtain an

accurate set of correspondences between known
world and image points

e These are recovered from standard calibration
patterns

ehttp://www.vision.caltech.edu/bouguetj/calib doc/




Obtaining World/Image Correspondences

e By using such patterns, we can set Z, =0 for the
board plane

Knowing the pattern size, the position of each
checkboard corner is well defined in the world

Corner extraction techniques can than be used to
automate most of the feature extraction process




The Projection Matrix

« We now have the image points and their world
correspondences

e We can use this to calculate M to an unknown
scale factor

« M then has only 11 independent entries



The Projection Matrix (cont’d)

e We can write M as

m, m, m; m,
M=im, m, m,; m,
my;, My My My,

e And then x;.,, v;.. as

gz s Mo Xy F MYy +MeZyy ¥ My Y M Xy MY + M Z,, + M,

Xg My Xy, +MyYy, + Mz, + My, Xg My Xy, +MypY,y, + M2, +my,

e These equations are both linear functions of our
unknowns m;;



Step 2: Solving for M

e From this we construct the linear system of

equations
Am=0 World Point

Image Point

where A is defined by

q T XY, -xZ -
1 _Y1Y1 _Y1zl Y
A= : : > : : : :
XY Z 1 0 0 0 0 -xX —-xY —-xZ -—X%
0 0 0 0 X ¥ Z 1 -yX -yY -VvZ _@
and m by \
m:[m.w m,, - %4]T i pairs of

correspondences



Singular Value Decomposition (SVD)

SVD provides an efficient means for solving rank-
deficient systems of homogeneous linear
equations

Any m x n matrix A can be decomposed into the
product of three matrices

A=UDV'
where

1. The columns of the m x m matrix U and the n x n matrix
V are mutually orthogonal vectors

2. The m x n matrix D is diagonal, and its elements
0, 2 0,2 .. 20, 2 0 are the singular values of the matrix



Some Properties of SVD

If A is a rectangular matrix, the number of non-
zero singular values equals the rank of A

The columns of U corresponding to the non-zero
singular values span the range of A

The columns of V corresponding to the zero
singular values span the null space of A



SVD (cont’d)

SVD provides an efficient means for solving rank-
deficient systems of homogeneous linear equations

Am=0
In our example, M has only 11 independent

parameters and so A has a rank of 11

By property 1, A will have exactly 1 zero singular
value

By property 3, one solution for m then corresponds
to the corresponding column of V



Step 3: Decomposing M

e Recall that we have only recovered M
TO AN UNKNOWN SCALE FACTOR

e If we expand M, we obtain

M =

1:xrll + Ox r31

— i tory —fr,+or, —fr,+or, —ft +oft,

r31

1:xrlz + Oxr32 1:xrlf:} + Oxr33 1:xtx + 0xtz

r32 r33 tz

where f,=f/s, and f =f/s,

e From our solution vector, m we also construct 3

vectors where

Cli:[ml m, m3]T, 1=123




Step 2: Decomposing M (cont’d)

e From the last row of M

fxrll + 0xr31 fxrlz + 0xr32 fxr13 + 0xr33 fxtx + 0xtz
M=|-fr,+or, —fr +or, —fr,+or, —ft +ot,

we can infer the scale to a sign change since

M2+ +me, = a || Jr2 +r2+r2 =

e By dividing the solution vector m by a we now
have M to a signh change




Step 2: Decomposing M (cont’d)

fxrll + 0xr31 fxrlz + 0xr32 fxr13 + 0xr33 fxtx + 0xtz
M=|-fr,+or, —fry+tor, —fr;+tor, —ft +ot,
L r.31 r.32 r.33 tz |

e We can infer the image center
Ox = qil' q3
Oy = q-2rq3

since the rows of the rotation matrix are
orthogonal and orthonormal



Step 2: Decomposing M (cont’d)

fxrll + 0xr31 fxrlz + 0xr32 fxr13 + Oxr33 fxtx + 0xtz
M=|-fr,+or, —fry+tor, —fr;+tor, —ft +ot,
L r.31 r.32 r.33 1:z

e We can then infer the focal length from

f, =+/07 0, - O
fy :\/q-quZ _032/

since the rows of the rotation matrix are
orthogonal and orthonormal




Step 2: Decomposing M (cont’d)

fxrll + 0xr:%l fxrlz + 0xr32 fxr13 + Oxr33 fxtx + 0xtz
M=|-fr,+or, —fry+tor, —fr;+tor, —ft +ot,
r.31 r.32 r.33 1:z

e By substitution, we can then derive the remaining
extrinsic parameters (where sigma is the sign):

., =o(m, —om,)/ f ,1=123
r, =o(o,my —my)/ f,1=123
t, =om,

tx = U(Oxtz - m14)/ fx
t,=o(o,t,—my)/ 1,



In Practice...

e While you could get away with 6 image/world
correspondences (12 equations for 11 unknowns),
it is better to use many more

e There will not be a zero singular value due to
noise. As such, the smallest singular value is
treated as the zero value

o Due to noise, the “rotation” matrix recovered will
NOT be orthogonal. We can find the closest
rotation matrix to it also through SVD techniques



Summary

The Projection Matrix M allows us to directly relate
image and world coordinates

We can recover the projection matrix through a
proper calibration procedure

The strength of the calibration required is strongly
dependent upon the application

- Strong calibration required for parts inspection, stereo, etc.

- Weaker calibration may be acceptable for navigation

We will employ a similar procedure to infer camera
(robot) motion without knowing the world points a
priori



