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Basic Probability Concepts

+  Sample Space (S)he set of all possible outcomes for a
random experimert

For a single coin toss, the sample space S={H,T}.

*  Probability “Classical Definition”

Let S containn exhaustive, mutually exclusive and equally likely
outcome®f an experimert

LetA correspond to an outcome Bf
Letm(m n) denote the number of elementSjn-the subset o
resulting in outcomé

m

P(A)=——, OEP(A)£1
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Probability Concepts (cont'd)

*  Example 1: What is the probability of throwing @with 2
fair dice?

S={(1,1).,(1,2)4,(6,5)(6,6)} n=36
Sy ={(4.6),(5.5)(6.4)} m=3
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Probability Concepts (cont’d)

. (A E B): The event corresponding to the occurrences @f B or A
and B (aka A||B)

. (A C B): The event corresponding to the simultaneowsiwences of
A and B (aka &&B)

Mutually Exclusive Events
(aka Independent)

AE B={A+B} AEB={A+B- C}
ACB=/& AC B ={C}

Non-exclusive Events

© JR Spletzer
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Some ldentities

1 P(A) forall Al S=1

2. P(A)=1-P(A)

3. (AEB)=(BEA)

4. (ACB)=(BCA)

5. (WEB)CC)=((ACC)E (BCC))
6. (ACB)C(ACC)=(ACBCC)
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Some Theorems

Theorem of Total Probability:

PAEAE.EA)= P(A)-  P(AGA)
n-2 n-1 n
+ P(AGAGA)

i=1 j=i+lk=j+1

-t (-D"'P(ACAC..CA)

For the case of mutually exclusive events

PALEA,E..EA)=  P(A)
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Probability Concepts (cont’d)

Example 2:Ais the event that at least one “6” will appear
from throwing 2 fair dice. What iB(A)?

P(6) :% whenthrowingldie

py=tel 11 11
6 6 66 36
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Some Theorems (cont'd)

*  (A]B): The occurrence of A given that B has aced
(the conditional occurrence of A on B)

¢ Theorem of Compound Probability:
P(AC B)=P(A)P(B|A)
P(AC B)=P(B)P(A|B)

- Bayes Law
P(B)P(A|B)=P(A)P(B|A)
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Some Theorems (cont’d)

*  Two eventsA andB are said to beadependenif the
conditional probability oB givenAis equal to the
unconditional probability of B +e. P(B)=P(B|A)

*  Theorem of Compound Probability for two Independent
Events:

P(AC B) = P(A)P(A[B) = P(A)P(B)

*  Theorem of Compound Probability foindependent
Events:

P(AC A C..CA)=P(A)P(A,)..P(A)
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Probability Concepts (cont’d)

Example 3:Ais the event of rollingp “7”s in a row when
throwing 2 fair dicen times. What i$?(A)

P(T) =

n

6,6, 6, 6

n

Example 4:Ais the event of rollingt least 17" when
throwing 2 fair dicen times. What i$?(A)

P(A)=1- P(A), P(7)= %

n

=1. 2
P(A)=1- =
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Robust Estimation Wall Following Example
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“Optimal” Line Fitting The Least-Squares Approach

*  Given a data set of points{(x,,y;)....,0,¥,)} find the line
y=ax+bthat “best” matches the data

*  The least squares approach finds the line paras{etb}
thatminimize the sum of squared perpendicular offsets
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The Least-Squares Approach (cont’'d)

Our error residuals are then of the form

R@b)= (¥, - ax - b)’

i=1

And the conditions for R to be at a minimum are

1R " 1R "
—=-2 x(y. -ax-b)=0, —=- i-a.-b:o
M . (Y - ax - b) . i=1(y X - b)
X X a _ X Yi
X; n b Y,
Ax=Db
x=A"'b
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Least-Squares Example

Actual
* Data
Fitted Data
© JR Spletzer
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Least-Squares Example with Outlier
gk B OUTLIER
Actual
* Data
Fitted Data
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Robust Estimation Objectives

 |dentify and eliminate all outliers

 Identify all “valid” sensor measurements

« “Optimally” assimilate all valid measurements to
estimate the parameters of interest
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Random Sample Consensus (RANSAC)

Given a feature modell that requires a minimum afdata
points to instantiate its free parameters, anet afsdata

pointsP such that®| n

1. Randomly select data points fronf? and instantiate this model.

2. Use the instantiated modd], to determine the subssf* of pointsP that

are within some error toleranceMf. The seS* is called the consensus

set ofS,.

If |S;*| is greater than a threshdldseS* to compute a new modéd*

If |S*| <t, randomly select a new sub&iand repeat the above process.

5. If after some predetermined number of trials onsensus set withor more
members has been found, either solve the modelthdtiargest set found
or terminate in failure.

P w
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RANSAC Applied to our Wall Following Model

* M corresponds to modeling the wall as the lige=ax + b

* A minimum of 2 points are needed to instantiate khi(n=2),
and the free parameters aaghj

» Our range map generates 10 point estima@s1() from
which we will obtain a consensus

© JR Spletzer

RANSAC Wall Follower (cont’'d)

1. Randomly seleat data points fron and instantiate this
model.

© JR Spletzer
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RANSAC Wall Follower (cont’d)

2. Use the instantiated modé| to determine the subs8t* of pointsP
that are within some error tolerancehdf. The seG* is called the
consensus set &.
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RANSAC Wall Follower (cont’'d)

3-4) If |S*| is greater than a threshdldseS;* to compute a new model
M.*. If |S*] <t, randomly select a new subStnd repeat the above
process.

© JR Spletzer
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RANSAC Issues

1. How do we generate the error tolerance?

2. How many subsets do we attempt before
termination/failure?

3. How do we choose an appropriate threshold?

© JR Spletzer
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Issue 1: How do we generate the error tolerance?

. Use sensor/feature models
Assume estimated feature model is correct

Infer perfect, hypothetical sensor measurements
corresponding to the estimated feature model

Estimate the distanceof the inferred measurement from
the actual measurement. If . accept, otherwise
reject.

One possible metric forwould be the standard deviation
from our noise model

© JR Spletzer
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RANSAC Example Testing Against Error Tolerance

© JR Spletzer
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Issue 2: How many subsets do we attempt before temation/failure?

. QUESTION: How many possible different pairingsléf measurements are
available?

. So why not test them all and pick the one withrtfgest support?
Counterexample: The Eight point algorithm

. If a given measurement has probabilitpf being within the tolerance of
the model, to generate a valid model frooints with probabilityz, k trials
will be required where

_ log(1- 2)
" log(1- w")

© JR Spletzer
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Issue 3: How do choose an appropriate threshold ge?

* Ideally, we would like to captural of the valid data.
Realistically, we wantto be as large as possible

* tcan be estimated basedapriori knowledge of how much of
the data should belong to the model beingefity (we expect
t n

*  Sometimes a simple majority is a sufficient cri@rwithout
additional information
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Simulations
® @
o o 0 = [« .+ S e P o T L
........................ 5
Lol
Least Squares Wall Follower Least Squares Wall Follower
Random Noise Random Noise & 20% Outliers
© JR Spletzer
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Simulations (cont’d)

Least Squares Wall Follower RANSAC Wall Follower
Random Noise & 20% Outliers Random Noise & 20% Outliers
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The Hough Transform: The Main Idea

1. Aline in the image can be parameterized by 2 béesg

y=ax+h

2. Each edge pixek(y) corresponds to a family of lines L(x,y) =
{11}
3. Pixel (x,y) votes for eachll L(x,y)

4. Edge pixels that form a line will each place on&vor the same
(a,b) — along with lots of other lines

5. Lines that are in the image will receive more vdtes ones that are
not

© JR Spletzer
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The Hough Transform

 “Each edge pixelxy) corresponds to a family of lines L(x,y) =

{1

© JR Spletzer
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The Hough Transform

- Pixel (x,y) votes for eachl L(x,y)

© JR Spletzer
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The Hough Transform

* Edge pixels that form a line will each place onéevor the same
(a,b) — along with lots of other lines

© JR Spletzer
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The Hough Transform

* Lines that are in the image will receive more vdtem ones that
are not

© JR Spletzer
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The Hough Transform

The line feature detection problem is transfornmed a
peak detection algorithm!

We need only find the lines with the most voteg] tiese
correspond to the greatest

Issue: Line representation
al [-¥ ,¥]
bl [-¥ ,¥]

How do we discretiza andb?
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Solution: Polar Representation

Instead of using the slope-intercept representatiencan use a polar representation
I = XC0sg + ysing

where corresponds to the normal distance to the line aheé polar angle

These parameters are bounded by

r1 [0,4/im? +im’]
g1 [0,2p]

which we can discretize to an appropriate resolimneed only find the lines with
the most votes, and these correspond to the gteates

© JR Spletzer
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The Algorithm

1. Take as input an edge imagé,j)
2. Define a resolutionl andd for and , respectively

3. Construct an accumulator arrAym,n)=0where
m=1/d * . andn=2 /d

Fom ] [0,4/imZ +im?]

© JR Spletzer

The Algorithm

4. For each pixek(i,j))==255 do
For =d :d :2*pi
=i*cos( ) +j*sin( );
if <0, continue;

Round to the nearest dvalue;
A( , )++;

5. ThresholdA(i,j) to find all relevant lines

© JR Spletzer
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Sample Trial

© JR Spletzer

Sample Trial

© JR Spletzer
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Summary

RANSAC is an example of a robust algorithm. Weligplt to lines,
but it is applicable to any model that can be patanzed
Lane models

The Hough Transform is related to RANSAC in thas ialso a voting
algorithms, but it is exhaustive over the choseeréitization level
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Summary (cont’d)

Patrticle filters are also examples of robust estinsa
They look at multiple hypotheses for an assumedimod

They employ “importance sampling” in that a hypotbess weighted in
accordance with its agreement to a model

We mustconsider robust estimation techniques for the road
segmentation and lane tracking tasks

© JR Spletzer

21



