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ABSTRACT

Grasping by a two-dimensional hand comprised of
a palm and two hinged fingers is studied. The
mathematics of frictionless grasping is presented and
used in the development of a planner/simulator. The
simulator computes the motion of the object using an
active constraint set method and assuming exact
knowledge of the physical properties of the polygonal
object, hand, and support.

1. Introduction

Flexible manufacturing workcells typically contain a robot
arm and many expensive, special-purpose, end-of-arm tools. The
potential for cost and time savings through the vse of a general pur-
pose hand has fueled much research in the last ten years on design-
ing, analyzing, and programming articulated mechanical hands
[3,6,8,10,11,12,18,21]. Most studies have proceeded under the
assumption that contact fricton forces will be large enough to keep
the object from sliding on the fingers. In contrast, this paper is con-
cerned with the mechanical analysis of "hands" when the friction
forces are not large enough to prevent sliding. The results are
applied to planning grasps using the surfaces of the hand, not just
the finger tips.

1.1. Previous Work

The potential for grasping and manipulating a wide variety of
objects with a single end effector has encouraged research in grasp
mechanics as well as in sensing and hand programming. Salisbury
[21] studied the mechanics of finger tip grasps under the assump-
tions of rigid body kinematics and coulomb friction. For an object
held in tip prehension, he developed a method to control the hand to
impart small arbitrary motions and apply arbitrary forces to the
object. Salisbury also developed a method to control the effective
Cartesian stiffness of the grasped object. Cutkosky [3] included the
effects of the curvature of the finger tips and the structural stiffness
of the fingers. Central to Salisbury’s formulation is the hand’s abil-
ity to apply normal forces to the object which are large enough to
prevent slipping between the object and any finger. Since slipping
cannot always be prevented, Holzmann [8] developed a method to
predict slipping and the accompanying friction forces.

There are an infinite number of possible grasps of an object.
Jameson [9] applied numerical optimization techniques to choose a
three-point grasp which provided complete rigid restraint of the
object relative to the hand. Hanafusa and Asada [6] developed a
hand with flexible fingers to pick up planar objects. They derived
stability conditions and grasp selection criteria based on minimizing
the potential energy of the fingers. Others have applied optimiza-
tion techniques to various objective functions to choose "optimal”
grasps [1,7,9,12,17,22}.

The only work to date on planning is for grippers with

CH2413-3/87/0000/0246%01.00 © 1987 IEEE

246

prismatic joints. Laugier and Wolter [14,25] both plan grasps by
considering the volume swept out by a parallel-jawed gripper in its
approach to an object. Juan [10] built an interactive system, PAAR,
to aid planning assembly tasks. Extending Mason’s [15] work in
manipulation, Brost [2] developed a technique for planning grasps
of polygons which were free to slide on a supporting plane.

The most mathematically complex aspect of grasping is in the
manipulation of the grasped object over a large range. Okada [18)]
programmed a hand with three fingers and eleven degrees of free-
dom to turn a nut onto a bolt. Such successes are few because the
equations describing manipulation are nonlinear, time varying and
constrained [11].

1.2. Problem Statement

The problem addressed here is that of picking up an object
with an articulated mechanical hand in the absence of friction. It
has been shown by Lakshminarayana [13] that if a frictionless grasp
is used to completely restrain an object, using only finger tips, a
hand would need a minimum of seven fingers (four in the two-
dimensional case). However, the necessary number of fingers may
be reduced to three (two in the plane) if the hand’s entire palmar
surface is used! (this includes the palm and those surfaces of the
fingers which face the palm).

1.3. Assumptions

A typical two-dimensional "hand" is shown in Figure 1. There
are two single-link fingers (bodies 1 and 2) and a flat palm. The
object (body 5) is initially at rest on the support which is fixed in
the world. The x and y axes of the world coordinate frame define
the plane of interest. All moments and rotations have nonzero com-
ponents in the z-direction (out of the page). For the mathematical
analysis presented in section 2, we make the following assumptions:

1) the fingers and hand move under exact position control,

2) all bodies are rigid convex polygons,

3) the mass and the position of the center of gravity of each
body is known,

4) the kinematic arrangement of the hand is known,

5) the motion proceeds slowly enough to ignore dypamic
effects,

6) there are no friction forces acting on the bodies, and

7) the object is initially at rest in a known position on the sup-
porting surface.

As a direet result of the second assumption, we know that for
any pair of contacting bodies, the contact occurs either at a point or
along a line segment. A line segment contact is treated as two point
contacts, one at each end of the segment. This assumption allows
for the uniform weatment of all contacts while maintaining the
correct kinematic constraints [4].

! This idea was proposed by R. Bajcsy.
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Figure 1: a typical hand in an initial grasping configuration,

1.4. Notation and Conventions

The notation and conventions used in this paper are as fol-
lows: vectors are indicated by boldface, lower case letters, (e.g. X),
an additional circumflex, %, is used to denote unit vectors; matrices
are boldface, upper case letters, (e.g. A); a matrix, A, or vector, X
defined with respect to a coordinate frame, B, is written as BA or
By, respectively (if B is the world frame, the superscript is absent);
a dot, %, over a variable implies its time derivative; A", is the tran-
spose of A; and the subscripts, ., y, ;, when applied to a vector
indicate one of its components (e.g. X, is the x-component of the
vector, X ). Bold elements appearing in matrices and vectors denote
the submatrices and subvectors of the appropriate dimension. Vec-
tor inequalities apply term by term.

2. Mathematics

We begin by defining the mathematical framework for the
analysis of frictionless grasping in the plane. It is conveninet to
define several coordinate frames and represent them as three-by-
three homogeneous transformation matrices [19]. Let C; be the
contact frame associated with the i contact point (see Figure 1).
Then

o fig, 6¢, pe, o
;= i=1,..
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where G, is the i contact normal directed inwardly with respect to

the object, fic, is the contact tangent, pc, is the position of the con-

tact, and n, is the number of contact points. There are n, body
frames, B;,

A

B fig, O3, Ps, .
Tro o0 1 @

which are fixed to the i body, with its origin, pg,, at the center of
mass. At the base joint of the i# finger, we define T;

i=l,...,nb

n; 6; p;
001 gk ®
where ny is the number of fingers. The frames’ origins are at the

centers of the joints about which the actuators apply torques,
Ty i=1...,np.

T; = i=1,...

2.1. Velocity Constraints

_ If there were no contacts between any of the bodies, then the
hand and object would be free to move in any manner. However,
when executing a grasp, the contacts constrain their motion. Con-
sider two rigid bodies in contact at the point, pc,, as shown in Fig-
ure 2.
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WORLD
Figure 2: a pair of rigid bodies in point contact.

Let p;; be the i* contact point on the j* body. The velocity of
that contact point on the j* body is

Pij =Psj +Opj X Pi; 4
where Py, is the velocity of the center of gravity of the j* body,
p:,; is the position of the i contact point with respect to the j*
body, and @p; is the angular velocity of the j* body. Writing

equation (4) in matrix form saving only those components relevant
to the two-dimensional problem yields
Py,
5)
;3 J

. __[1 0 <—pl~,,~>y}
Pii =101 Pi,j)x

where |@g,| is the magnitude of @p,. The relative velocity at the

contact point is

Vi =Pij—Pik - (6)
Since the bodies slide or roll on one another or separate, the relative
velocity constraint imposed by the contact is given by

Oc,-v; 20, )]
for which the inequality indicates that the objects are separating. If
relationship (7) holds as an equality and if in addition #ic, *v; =0,
then the bodies are rolling on one another at the contact point; if
fic, » v; # 0, then the bodies are sliding.

_ If we consider the two bodies to be pinned together at the it
contact point, as is the case for the palm and a finger, it is only pos-
sible for the bodies to rotate about the joint. Thus the relative trans-
lational velocity at the joint must be zero

v; =0. (8

(Note that the constraints on the relative motion of two bodies
"pinned” at their contact point is identical to the constraints required
by rolling contact in planar motion. This however is not the case for
three dimensional motion.) Using inequality (7) for each contact
point and equation (8) for each finger joint, the system’s velocity
constraints at a given instant may be written as

] 0
[Vs Voo Vpoll@gw! 2|0/, €))
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where 8 is the vector of joint velocities, q,, is the velocity of the
object, and qp is the velocity of the palm. It should be noted that
the quantity V,; Qo represents the components of the velocities of
the contact points on the object in the directions of their respective
contact normals and Vg © and V, q, represent the velocities for
contact points on the fingers and the palm respectively.



2.2. Static Equilibrium

The hand/object system must satisfy inequality (9) and the
equations of static equilibrium. Referring again to Figure 1, we
write

e
3 fi=—ma g (10)
n.
21 pc, X f; =~mqp, pp, X g (11
T+ 3 ~T(pe, xf), =—m X (pg, X g, ;5 k=1,....n; (12)
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where Qg ={{ | the i* contact is on the k* finger }, m; is the
mass of the k™ finger, my is the mass of the object,
g=[0 —g 0], and g is the gravitational acceleration constant.
Equations (10) and (11) are the force and moment balance equa-
tions, respectively, for the object. Equation (12) is the moment bal-

ance for the k% finger. Writing equations (10-12) in matrix form
for the two-dimensional problem gives

Ax=Db

el e[,

T is the vector of joint moments (nf X 1), ¢ is the vector of contact
force magnitudes (n, X 1), w is the vector of gravity forces and
moment acting on the object (3 x 1), s is the vector of gravity
moments acting about the joint axes (nr X 1), I is the identity matrix
(nf xng), 0 is a zero matrix (3% ny), Wy is the object wrench
matrix (3 X n.) as defined by Salisbury [16] and Wr is the wrench
matrix for the fingers (ny X n;). For the definitions of the elements
of Wp, Wg, w, and s, see [23].

(13

Wy O
where A= Wr 1

2.3. Object Motion

To plan grasps, we must be able to predict the motijon of the
object, given the palm and finger motions. If we consider an infini-
tesimal increment in time, we can rewrite inequalities (9) in terms
of differential motions

do
dg,

where only dq,, is unknown. Inequality (14) represents the
kinematic constraints on the motion of the object. If we solve for
dq.», we find that the solution is not unique. Figure 3 shows an ini-
tial grasping configuration. After moving the fingers together a
small amount, the object will move to a new position. Figure 3
illustrates an ambiguity inherent in the kinematic constraints (14).
Both Figures 3b and 3c show kinematically admissible solutions,
but the position of the object shown in 3c is physically correct if
there is no friction present.

Vob dqop 2—[ Ve V, ] (14)
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Figure 3: the ambiguity inherent in the kinematic constraints.

We can resolve the kinematic ambiguity by noting that if the
motions are slow and there is no friction, then the object must move
to minimize its potential energy. Thus the motion is given by the
solution to the following linear program
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Minimize y =mg ¥ Gob (15)
Subject to: Vo Qop 2 & (16) .
Qop unrestricted a7

wherey=[0 g 0land&=—[Vy V, ] 0

p
The linear program defined by equations (15-17) is the velocity for-
mulation of the object motion, Its physical interpretation is that the
object velocity must satisfy the velocity constraints while minimiz-
ing the ovject’s rate of potential energy gain. The theory of linear
programming provides a dual formulation for every linear program
[5]. The dual of the velocity formulation is the force formulation.

Maximize z =-£TA (18)
Subject to: Vo A=mgp Y 1%
A=0 (20)

The variable, A, of the force formulation is the dual variable of the
velocity formulation and is the vector of Lagrange multipliers asso-
ciated with the velocity constraints. The elements of A are also
known to be the magnitudes of the contact forces [24] which were
denoted earlier as ¢. Note that the objective function of the force
formulation is the virtual work done by the object on the hand and
that constraints (19) are the equations of equilibrium of the object
taken with respect to its center of mass. Thus, the object’s motion is
determined by minimizing the virtual work performed on the object
while maintaining static equilibrium with nonnegative contact
forces (constraints (20)).

2.4. Grasp Stability

A frictionless grasp begins as shown in Figure 3a with the
object on its support and the hand just touching it. Our goal is to
achieve an enveloping grasp of the object. An enveloping grasp is
characterized by the object’s being completely restrained with
respect to the hand when the finger joints are locked. This type of
grasp has been termed a form closure grasp (see Figure 4) by Laksh-
minarayana [13]. Letting dg, =0 and d8=0, in inequality (14),
we see that for a form closure grasp, the only solution to

Vob dqab 20 (21)

must be dq,, =0.

Figure 4: a form closure grasp of the object. If the fingers
are locked the object cannot move at all.

Form closure is equivalent to requiring that the contact forces
may be combined to resist any applied force and moment. This
condition guarantees that the object is always held in equilibrium.
The partition of equation (13) which represents the equilibrium of
the object is

Wo c=w 22)
where w’ may be any disturbing force. ‘Also the contact forces must
be compressive, not tensile, so

c20. 23)

Since w’ is completely free, equations (22) and (23) imply that any

“vector in Euclidean 3-space, R3, can be represented by a nonnega-

tive linear combination of the columns of Wy . In other words, the
nonnegative column span of Wo must be equivalent to R3. This is



why at least four contact points are needed for a form closure grasp
(see [22], Appendix A, pp. 29,30 for a proof).

Lety;,i =1,...,n be the columns of Wy . The nonnegative
, .
span of y; is given by C*={u [u=2} oy ;20 forall i}
&

Between the initial state (Figure 1) and the first time that the object
is in a form closure grasp, the object is, in general, in equilibrium
through force closure {20]. A force closure grasp occurs when
C+ < R3?and W e C*. In other words, the object is in equilibrium
because the gravity force holds it against the contact points (see Fig-
ure 5). If gravity were acting in the opposite direction, then the
object would be unstable.

R S
Figure 5: a typical force closure grasp.

In some cases W ¢ C*, so the object becomes unstable and falls
until a new set of contacts give rise to a new C* which contains W',
This condition usually arises when the object has three contacts and
one of the contact forces goes to zero during manipulation.
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Figure 6: flow chart for Planner/Simulator.
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3. The Planner/Simulator

The mathematics given above in section 2 have been used to
develop a planner/simulator for generating enveloping grasps in the
plane. The flow chart (see Figure 6) shows the input to be the
kinematic, geometric, and other physical data of the hand, object,
and support. After reading the data, all of the coordinate transforms
are initialized. Next an initial grasp must be chosen which allows
the hand to tip the object. If such a grasp exists, the object is said to
be tippable [23].

Definition: An object is #ippable if there exist finger contact
points on its perimeter (excluding the supporting edge) such that
increasing the contact forces applied to those points drives at
least one of the supporting contact forces (shown on figure 7 as
f3 and fy) to zero.

Figure 7 shows a rippable object and its tippability regions.
Assume that one finger tip is placed against the object at the arrow-
head. The tippability regions are shown by the curve offset from the
left side of the object. The region drawn with a bold solid line indi-
cates the contact positions for the other finger for which squeezing
causes vertex 3 to rise. The region traced by the thin solid line
causes vertex 4 to move up. The region defined by the dotted line is
undesireable for contact because neither the 374 not the 4 vertex
will rise; the object will be pressed aeainst the support. If the curve

contact 1

Figure 7: tippability regions of an object.

has no solid portions, then the object cannot be lifted and the pro-
gram exits. If the object is tippable, then the planner attempts to
find an initial grasping configuration in one of the solid regions. If
no configuration can be found for which the object will tip, the pro-
gram exits.

If an initial configuration for the hand is found from which the
object can be tipped, the planner determines displacement incre-
ments for the hand: palm position and orientation changes and
finger angle increments. These increments are sent to the simula-
tion module which computes the resulting motion of the object.
The configuration of the hand and object are then updated and sent
to the planner for it to plan the next increments. When the planner
determines that a suitable grasp has been achieved, it outputs the
trajectory and stops.

4. Results

The planner/simulator discussed above has been implemented
in Fortran 77 using International Mathematics and Statistics Library
routines for the solution of systems of nonlinear equations, the solu-
tion of linear programs, and the inversion of general matrices. Fig-
ure 8 shows a sequence of 10 frames of an object being grasped.

_The important dimensionless parameters of some of the bodies rela-

tive to the palm’s width were: the length of finger 1 = .6, and the

Jength of finger 2 =.7. The masses of the fingers and the object

were proportional to their respective areas and the joint torque lim-
its were chosen to ensure that they would not limit the hand’s ability
to pick up the object. Planning for this grasp was very simple.
First, the palm was centered over the object, parallel to the support,



just high enough so that the longer finger could not touch the sup-
port. Then the palm position was fixed for the rest of the grasping
sequence. Next, the fingers were brought into contact with the
object after which the fingers were squeezed together at equal angu-
lar rates, until a form closure grasp was achieved at frame 11. Note

AT AA
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Figure 8: achieving an enveloping grasp.

that during the grasping manipulation, the object moves toward the
palm in several different three-contact, force closure grasps. Transi-
tions between the grasps occur when a fourth contact becomes
active, forcing one of the previously active contacts to break (see
Figure 8 frames 3,4,5). Once the force closure grasp became
unstable because one of the contact forces went to zero. In this
case, the object executed a constrained fall until another contact sta-
bilized the grasp again (see Figure 8, frame 2,3,4). Frames 12 to 14
were generated by adjusting the grip to minimize the grip objective
function (the sum of the contact force magnitudes acting on the
object due to gravity loading).

The final grasp, shown in frame 14, has five contact points
which cause a discontinuous branch point in the objective function.
The branches occur because only four contact points can be main-
tained while manipulating the grasp, but 5 possible sets of four con-
tacts exist. Two of the five sets do not maintain form closure, so
they are not considered for further grip adjustments. Figure 9 shows
the grip adjustment objective function in the neighborhood of frame

14.
© 2

objective
value [
ry loss of form closure

lole)

14

]
]
1
® "

\

®

t
t
L
|

14 ®

e

angle of finger 1

Figure 9: the grip adjustment objective as a function of
the angle of finger 1 and the choice of the contact to break.
The frame numbers are indicated by squares on the right
branch. Each branch is caused by manipulating the object to
break one contact and maintain the other four. The circled
number beside each branch indicates the lost contact leading
to the branch.
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The square on the far right corresponds to frame 11. Moving to the
left, the objective value decreases until the object gains the fifth
contact point at frame 14. To continue manipulating the grip, one
of the contacts must be chosen as the one to break, and the finger
motions must be computed to be consistent with maintaining the
other four contacts. If either contact 2 or 3 is broken, the grasp
loses form closure. This is fairly obvious for 2, since it corresponds
to removing the second finger. In the case of the 3¢ contact, form
closure is lost since the object may rotate counterclockwise about
the intersection of the 15f and 4% contact normals, losing contact at
points 2 and 5. If contact 1 is broken, the objective value jumps
because one of the palm contact forces (which was previously zero)
becomes nonzero, effectively adding to the gravity load which must
be absorbed by the two contacts on the fingers. Breaking the 5%
contact, the object moves back to a previous grasping configuration.
Removing the 4” contact is the only possibility for improving the
grasp. However, it is found that the grip objective increases for the
manipulation which breaks that contact, so frame 14 is the (locally)
optimal solution. The plan is complete.

5, Conclusion

A system has been developed which can be used to plan (in an
off-line mode) and simulate the grasping of convex polygons when
friction and dynamic effects are negligible. In the simulation, the
grasps are executed under position control with no need for force
control or tactile sensing. However, we have assumed that accurate
descriptions of the important physical parameters of the bodies are
available to the system.

The mathematics of frictionless grasping is more general than
the software implementation described above. Three-dimensional,
nonpolyhedral and nonconvex bodies may be used as well as multil-
ink fingers. The cost of generality is added computational complex-
ity. The collisions become more difficult to detect, and the con-
straint equations are more difficult to solve. In addition, the
representation of bodies becomes more complex.

In grasp analysis and planning, it is ofien assumed that the
friction forces will be sufficient to prevent any sliding. This is not
always the case. Considering the physical limits of any hand and
the mass and strength of any object, there is always some limiting
value of the coefficient of friction, |1, below which the object will
slip. It is less obvious, but equally possible, that the grasping tech-
nique described in this paper may fail when the coefficient of fric-
tion exceeds some (hand and object dependent) limit. These limits
will be explored to define the realms of friction grasping and fric-
tionless grasping, so that the appropriate grasping theory may be
applied to any given problem.
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