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Abstract - Grasp and manipulation planning of 
slippery objects often relies on the 'lform'closure" grasp, 
which can he maintained regardless of the external force 
applied to the object. Despite its importance, a quantita- 
tive test ,for form closure valid for any number of contact 
points is not availuhle. The primary contribution of this 
paper is the introduction of such a test formulated as a 
lineor program, of which the optimal objective value 
provides a measure of how far a grasp is from losing 
,form closure. While the test is formulated for frictionless 
grasps, we discuss how it can be modified to identify 
grasps with 'yrictional fortn closure." 

I. IX'l'IiODUClTOX 

In grasp and manipulation planning, the two most 
important classes of grasps arc known as "form closure" 
and "force closure" grasps. These terms are borrowed 
from the field of machine design in which they have 
been in use since 1875, when Reuleaux [ l l  1 studied the 
mechanics of some "early machines." One machine was 
the water wheel, whose axel was usually laid in a groove 
of semi-circular cross-section. Proper operation required 
the gravitational forcc ofthc wheel to maintain or "close" 
the contact between the groove and thc axel. Thus the 
terminology "force closure" came to describe contacts 
whose maintenance depended on an externally applied 
force. If instead, the contact was maintained by virtue of 
the geometry of the contacting elements, (as would be 
the case of an axel in a cylindrical hole), then the term 
"form closure" was adopted. This terminology is still in 
use today in the mechanisms research community (see 
151) and was first introduced into thc robotics research 
community by Salisbury 1121. Since then, motivated by 
the mathematical interpretation of vector "closure," [3 1 
some authors (notably, Nguyen 191, Mishra 181, and Sas- 
cry 161) have chosen to use "force closure" to mean what 
Reuleaux and Salisbury mcant by form closure. In this 
paper, we follow the president set by Rculcaux and Salis- 
bury by adopting the lollowing definitions. 
Definition: Form Closure: A fixed set of contacts on a 
rigid body is said to exhibit form closure if the body's 

equilibrium is maintained despite the application of any 
possible externally applied wrench (force and moment). 
Equivalently, the contacts prevent all motions of the 
body, including infinitesimal motions. 

Definition: Force Closure: A fixed set of contacts on a 
rigid body is said to exhibit force closure if the mainte- 
nance of the body's equilibrium requires the application 
an externally applied wrench. Equivalently, the contacts 
do not prevent all motions of the body. 

While the open literature abounds with papers on 
grasping and grasp planning (sec [ 101 for a good bibliog- 
raphy of grasping literature published before 1988), an 
efficient quantitative test lor form closure valid for any 
number of contact points is not available. Reuleaux 11 11 
studied the form closure problem for rigid lamina res- 
tricted to move in a plane, He showed that at least four 
highcr-pair (point) contacts were required to prevent all 
motion of a lamina. He also provided a graphical tech- 
nique to test a set of four contacts for form closure. 
These ideas were used by Nguyen to develop algorithms 
to synthesize form closure grasps of given rigid lamina 
and were extended for use with three-dimensional 
objects [9]. The conditions for form closure of an arbi- 
trary three-dimensional rigid body were first given by 
Somoff, in 1900 [13], who established that a minimum of 
seven point contacts was necessary. Much later, Laksh- 
minarayana 151 described an approach to synlhesizing 
form closure grasps of three-dimensional frictionless 
objects and gave an insightful physical interpretation of 
the associated equations. 

Mishra et al. [8] were the first to place an upper 
bound on the number of contact points needed for a form 
closure grasp or a frictionless object. They showed that 
if the object was "nonexceptional" (i.e.,  the object's sur- 
face was not one of revolution), then twelve contact 
points were sufficient to balance all possible external 
wrenches. This bound however, seemed loose to Mark- 
enscoff et al. who succecded in "closing the gap." [7] 
They proved the stronger result that any nonexceptional 
frictionless object can be grasped in form closure with 
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only scven contact points by considering infinitesimal 
perturbations of the contact points away from the maxi- 
mal inscribed sphere. They statcd that their proof could 
bc used as the basis for algorithms for synthesizing form 
closure grasps which would imply that form closure tests 
could also be developed, but no algcrithms were 
presented. For the purpose of grasp synthesis, Nguycn 
[9] and Mishra [8] developcd gasp tests that indicated 
only the existence or nonexistence of form closure. 
Howcvcr, the binary nature of the tests mcitivatcd Kirk- 
patrick [4] to formulate a quantitative test for "positivc 
grips" with form closure based on Stcinitz's Theorems. 
Unfortunately, these results are rcstrietcd to frictionless 
grasps of polyhedra with at least 12 conmcts occurring 
only at "nonsingular" points on the object's surface, 
where singular points are those for which the surface 
normal is ill-defined. These restrictions are seen as sig- 
nificant drawbacks, since in dexterous manipulation it is 
common (and occasionally desirable) for fewer contacts 
to occur and for somc of them to be on vertices of the 
object. 

A .  Contributions 
The primary contribution of this paper is the for- 

mulation of a quantitative test for detecting form closure 
in frictionless grasps. This tcst takes the form of a linear 
program that produces a crude measure, qualitatively 
similar to Kirkpatrick's, of how "far" a grasp is from los- 
ing form closure. In contrast to Kirkpatrick's test, our 
test is valid for any number of frictionless contacts as 
long as their locations and normal directions arc known. 
The problcm of contacts occurring at nondifferentiable 
surface points is not a consideration here, because a 
unique, computable normal is available in all but the 
ephemeral and pathological cases of a convex vertex in 
contact with either a convex edge (spatial case only) or 
anothcr convex vertex. Since the test relies Ion geometric 
information, it is valid for frictional grasps, but it does 
not quantify friction's stabilizing effects. However, we 
discuss how to modify the test to explicitly include fric- 
tion effccts, so that grasps which do not have form clo- 
sure due to their geometry can be tested for "frictional 
form ClOSLlrC." [ I ]  

The secondary contribution of this paper is the 
dcvelopmcnt of a binary test for the identification of fric- 
tionlcss grasps belonging to the subclass of force closure 
grasps called strong force closure grasps. This subclass 
is identical to grasps of "partial restraint" clonsidcred by 
Lakshminarayana [5  ] and deserves special recognition 
because maintaining strong force closure grasps during 
dexterous manipulation requires compliant c:ontrol of the 
fingers, which is not thc case for other force closure 
grasps. Given Lakshminarayana's terminology, "partial 

restraint," one might dso refer to this subclass of grasps 
as partial form closure grasps. Howcver, we prcfer the 
name strong force closure to cmphasize that the grasps 
have force closure. 

B .  Puper Layout 
In the remaining scctions, three linear programs 

are introduced which can be used to quantify and dctcct 
grasp qualitics. Thc test devcloped in Section 2 is able to 
dctect and quantify form closure in both planar and spa- 
tial frictionless grasps. This test then serves as the basis 
for the frictional form closure and frictionless strong 
force closure tests introduced in Sections 2.1 and 3 
respcctivcly. The introduction of each test is followed 
by an illustrative example problem. 

II. IDENTIFICA'l'ION 01: I43IZM CLOSURE 

According to the definition of Reuleaux and Salis- 
bury, givcn in Section 1, a grasp has form closure i f  and 
only if object equilibrium is possiblc regardlcss of the 
external wrench. If we assume a point contact model 
with Coulomb friction, then for a grasp with n, contacts, 
the equilibrium equations and Coulomb friction con- 
straints may be written as follows (sec [ 141). 

Wc 2 -gent for all gent E E 6  (1) 

c r D c 2 O  (2) 
c, 2 0  (3)  

where E' rcprcsents thc 6-dimensional Euclidean spacc 
(6 is the number of degrces of frecdom of thc uncon- 
tacted object), gent is the external wrench applied to the 
object, W is the 6 x 3n, wrench matrix formed by the 
horizontal concatenation of the individual contact 
wrench matrices, Wi , 

ri is the position of the iIh contact point, Bi is the 
contact's unit normal directed inward with respect to the 
object, f i  and 6, are orthogonal unit vectors defining the 
contact tangent plane, D is the 3n, x 3n, diagonal 
Coulomb friction matrix formed by the block diagonal 
concatenation of the individual Coulomb friction 
matrices, D, (see eqwtion ( 5 ) ) ,  c is the vector of wrcnch 
intensities of length 3 4  formed by the vertical concate- 
nation of the individual wrench intensity vectors, ci , 

7 7  

j 0 0 -11 I c10 I 
L 1 L A  
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[W. wr W O ]  

WflC,,mil = 0 (9 
cfl,w11 > 0 .  (1 1) 

If no such solution exists, then onc can easily find an 
external wrcnch, g,,,, that cannot be balanced. If a 
strictly positive docs exist, then it may be arbi- 
trarily scaled to make e ,  nonnegative for any finite 
choice of g,,, . In fact, in this case, all wrench intensities 
may be increased without bound, which in turn, implies 
that the joint torques may be increased wilhout bound, 
too. This observation turns out to be quite useful in tra- 
jectory planning for dexterous manipulation, as it implies 
that we can squeeze as hard as we like without disturbing 
the form closure character of the grasp: a fact which con- 
siderably reduces the accuracy required of the force con- 
troller. However, it is important to note that Cutkosky 
has shown that compliant effects can cause grasp insla- 
bility as the joint torques increase 121. 

The form closure measure we propose, is the 
scalar value, d * ,  of the minimum element of 
where c,*,,~~ is the null space vector with largest 
minimum element. If d* is strictly positive, then the 
grasp has form closure, otherwise the grasp has force 
closure. This measure is the optimal objcclive value of 
the following linear program 

Maximize d (12) 
C.,mii 

Subject to: W , C , , , ~ ~ ~  = 0 (9) 

(13) 

d 20 (14) 

'4cf l ,nu/i  2 h (15) 

C,,nuli - d 2 0 

where d is a slack variable and d is a vector with all cle- 
ments equal to d .  Inequality (15) may be any set of con- 
straints that is feasible for = 0 and that prevents 
the linear program from becoming unbounded. Note that 
if inequality (15) approximates the unit  ball, then our 
measure is quite similar to lhe grasp "efficiency" given 
by Kirkpatick [4]. However, Kirkpatrick's measure is 
valid only for grasps with 12 or morc contact points (6 or 
morc in thc p1aria1- casc), whcreas oui- measure is valid 
for grasps with any number of contact points. 

c, 

cr = -  gex1 . (6)  

C O  

A .  E,xumple I 
Consider a rectangle subjected to a planar grasp 

with four frictionless contact points as shown in Figure 1. 
11 can be shown analytically, that this grasp has form clo- 
sure if the intersection of the third and fourth contact 
normals lie inside the rectangle, i.e. cx lies in the interval 

(1.052, -1. If cx = -, then the object may translate vcrt- It It 
2' 2 
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Figure 1: Rectangle with Four Frictionless Contact Points. 

(x 1 
1.04 1 
1.06 ~ 

1.1 
1.2 
1.3 
1.4 
1.5 
1.56 
1.5707 
1.58 

ically. For this Example, the linear program defined by 
statements (9) and (12-15) was used to quantify form 
closure for various values of a. A and h were chosen so 
that inequality (15) would represent a cube with edges of 
length 2, centered on the origin of the space defined by 
C" ,null 

where I is the 4 x 4  identity matrix and 1 is the four- 
vector with all elements equal to 1. The n'ormal wrench 
matrix was formed using the coordinate directions shown 
and summing the moments about the upper right-hand 
corner of the 

0 0 1 -cos(a) 

ci* 
0.0 
0.020 
0.097 
0.300 
0.267 
0.170 
0.07 1 
0.010 
0.0 
0.0 

Table 1, below, summarizes the results. Note that the 
grasp "furthest" from losing form closure is the one for 
which a* = 1.2 Radians. 

clo.iure type 
force 
form 
form 
form 
form 
form 
form 
form 
force 
force 

Table 1 : Quantification of Frictionless Form Closure. 

Note that the computation time required to compute each 
d *  is small since its value requires the solution of a 
linear program with nuflity(W) + 1 (in this example, 2) 
variables and n b j  + 1 + nullity (W) + n b o d  (in this 
example, 15) constraints where nhj is the number of 
degrees of freedom of the uncontacted object, nullity (W) 
is the nullity of the normal wrench matrix, and nboud is 
the number of bounding planes used to approximate the 
unit ball. However, this computation time cannot be 
compared to Kirkpatrick's since there are too few con- 
tacts for his method to apply. 

R .  Frictional Form Closure 
Frictionless form closure hinges upon the ability of 

the elements of the normal wrench intensity vector, c,, 
to increase indefinitely. If under the frictionless assump- 
tion, a grasp does not have form closure, then one may 
test the grasp for "frictional form closure" [ 11 through the 
following procedurc. First, using equations (1-3), deter- 
mine which set of elements of c ,  can be increased 
without bound2. Second, include the corresponding 
columns of Wl and WO and elements of c, and c, in the 
wrench matrix and wrench intensity vector in the form 
closure test given by equations (9) and (12-15) (see 
Example 2 below for clarification). However, because 
the individual tangential and orthogonal wrench intensi- 
ties, c,, and c,, , may be positive or negative, inequality 
(13) should not be modified. Thus our test for frictional 

Determining the set or sets of clement of c, 

could be accomplished by approximation the fric- 
tion cone constraints (2) by systems of linear ine- 
qualities and solving one or more linear programs 
designed to drive elements of c,,,~, toward infinity. 
However, the computational complexity of such a 
test could make it impractical. 
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tom closure takes the iollowing form 

Maximm d 
c. I." 

closure type 
force 

frictional form 
frictional form 
frictional form 
frictional form 
frictional form 

r 1 

c Y n  ,,dl 

0.001 
0.104 
0.3 11 
0.518 
0.725 

Subject to: WcUii = 0 (18) 

Cn.nuii d 2 0 (13) 

d 2 0  114) 

Ac,~! 2 h (1% 

where W and cull are W n  and c , , , ~ ~  augmented by 
ridding the columns of W, and W O  and the elements of 
c t  and c, corresponding to the elements of c ,  which can 
be increased indefinitely. This test procedure amounts to 
determining which friction wrenches can act as rigid 
structural restraints when squeezing sufficiently tightly. 

0.001 

0.3 
0.1 ~ 

C. Exumple 2 

jhown in Figure 2 below. 
Consider the three-point grasp ut the mangle 

0.001 
0.104 
0.3 1 1 

+ Y  

Figure 2: Triangle w i h  Frictional and Frictionless Contacts. 

If all Contacts are assumed eo be frictionless, then the 
grasp does not have form closure. However if we 
assume that contacts 1 and 2 (on the vertical edge) are 
frictionless and contact 3 has coefficient of friction p > 0, 
then it can be shown geometrically 191 that as long as 
tan-'b>!3 and 1 ,  > 1 3 > / 2 ,  then all external wrenches, 
g,,, , may be balanced by squeezing tightly enough. This 
implies that the tangential wrench and intensity 
corresponding to the third contact should be included in 
the frictional form closure test defined by statements 
(12-14), (18), and (19). 

The augmented wrench matrix and wrench inten- 

1 I -cos@) -sin@) 

3n.nuii j L 
J 

For this Example, we applied the frictional form closure 
tcst for different positions o f  the third contact, 11, with all 
other parameters fixed: 1 =0, 12=  1,  y=0.3, and 13 = 15". 
Table 2 below summarizes the results. A and h had the 
same values as in Example 1. 

C 2n .nui/ 

1 .0 
0.932 
0.725 
0.518 
0.311 
0.104 
0.001 

Table 2: Quantification of Frictional Form Closure. 

When the grasp has frictional form closure, the null 
space components of c, are all positive. This indicates 
that the object can be squeezed as tightly as one likes. In 
the case of the force closure grasps, one or more ele- 
ments of c,,nuli are negative, so if force closure is possi- 
ble at all, squeezing is limited. Note that the elements of 

are not shown for the force closure grasps, 
because the subroutine used to solve the frictional form 
closure test only returned the flag "infeasible" and not a 
null space basis vector. In addition, c;,,nuii and c in ,nu i~  
don't change appreciably with l 3  and so are not listed 
here. 

111. IDf3TFICA'I'ION OF STRONG FORCE CLOSGRE 

All elements of the normal wrench intensity vector 
of a form closure grasp can be increased indefinitely 
without disturbing the equilibrium of the grasp. For most 
force closure grasps, all wrench intensities have finite 
bounds. Equivalently, manipulation maintaining form 
closure requires compliant finger motion, whereas main- 
taining force closure usually does not. In this Section, 
we define the subclassification of force closure grasps 
which we call strong force closure grasps. This subclas- 
sification is equivalent to Lakshminarayana's grasps of 
"partial restraint." Grasps in this subclass deserve recog- 
nition, because their maintenance during manipulation 
requires compliant motion control, as would be the case 
for form closure grasps, but they can become unstable 

1674 



sincc they arc, in fact, force closure grasps. As in the 
previous Section, wc concentrate o n  thc frictionless case 
and discuss the inclusion of friction effects 1atc:r. 
Definition: A frictionless grasp is said to havc strong 
force closure if it does not have form closure and a sub- 
set of thc elements of the normal wrench intensity vector 
can be increased without bound. 

Since a strong force closure grasp docs not havc 
form closure, no strictly positive solution of equation (9) 
may exist (i.e., relationships (9) and ( 1  1) are infcasiblc). 
However, given our definition, at least one nonnegative 
solution must exist (i.e., relationship (1 1 j is ~rclaxcd by 
allowing equality with zero). If a nonnegativc solution 
does not exist, then no eleincnt of the noma1 wrench 
intensity vector can be increased indefinitely. 

Theorem: A frictionless grasp has strong forcc closure if 
and only if it docs not havc form closure and there exists 
a nontrivial vector, in the null space of W, with 
all nonnegative elements, such that if the i th  clement of 
c,,,, is negative, thcn the i f h  element of is posi- 
tive. 

Proof The quasi-static assumption implies that the grasp 
under considcration is in equilibrium and therefore satis- 
fies the relationships (7) and (3). Solving cqluation (7) 
and substituting into inequality (3) yields 

c n  = cn,row + cn,nu/l 2 0 > (10) 

where e,,,, = -Wn+geXi, = (W,tW, - l.)k,cx, ex is 
a positive scalar, and k, is an arbitrary unit vcctor of 
compatible length. 

If ~ , , , ~ l l  > 0 exists, thcn by definition, the gasp 
has form closure: not force closure. Next, note that 

with all nonpositive elements, (i.e., e,,null 5 oj,  
prevents the unbounded increase of 'Therefore, 
for a grasp to have strong force closure, it is necessary 
that a nontrivial exists such that I C ~ , ~ ~ ~ ~  2 0. 
Finally, Ict be the i th  clement of . It is clear 
from equation (10) that if c;,,~,, is negative, tlicn cin,null 
must be positive. 

In light of the above proof, a test for Irktionless 
strong force closure, must allow some of  the elements of 

to remain zero while encouraging others to be 
positive. This can be accomplished with the following 
linear program 

where y * is the optimal value. 
During manipulation under compliant control the 

matrix W,, which has dimension (6 x n c ) ,  is typically of 
full rank and usually has 7 or more columns. If the nul- 
1il.y of W,L is one, then the solution o f  the above linear 
program indicates precisely which elements of e ,  may be 
increased and which may not: if c,*,,,~// is zero, then ci,, 
may not be increased; all others may (sec Example 3 
bdow). When the nullity is greater than one, then the 
solution returned is just onc of many possible and will 
not necessarily rellcct which intensities may be 
increased. Brute force circumvcntion of this problem 
could be achievcd by solving the linear program onc time 
lor each contact with the objective being to maximize the 
corresponding component of rather than the sum 
of the clcmcnts. 

As illustrated in Example 3 below, our strong force 
cl'osurc test is binary in nature. This comes from the fact 
that the null  spacc components of some elements of 

are zero-valued. However, a quantitative result 
siimilar to that produced by the form closure test could be 
formulated in two stages. First apply the binary test to 
idcntify the nonzero components of and then apply 
the form closure test with the slack variable, d ,  added 
only to those componcnts. 

A .  Example 3 
Consider a rectangle subjected to a planar grasp 

with lour frictionless contact points as shown in Figure 3. 
It can be shown that this grasp has strong force closure if 
-1.00 5 U 5 1.00. It docs not have Lorm closure, since 
thc object may translate verticall~,.e,&sing the coordinate 
directions shown and summing the moments about the 
ol-)jcct's center of mass yields the following normal 
wrench matrix 

(25) 
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Figure 3:  Square in Frictionless Strong Force Closure Grasp. 

-1.000 

-0.0 
0.4 
0.7 
1.00 
1.001 

-0.5 I 

Table 3 below illustrates how the components of cn,m,, 
and c, Tow vary with U .  A and h had the same values as 
in Example 1. 

2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
0.0 

strong force 
strong force 
strong force 
strong force 
strong force 
strong force 

force 

0.0 
0.25 
0.5 
0.7 
0.85 
1 .0 

1.0 
0.75 
0.5 
0.3 
0.15 
0.0 

Table 3: Detecting Frictionless Strong Force Closure. 

Thc values of c : , ~ ~ , , ~  and c : , ~ ~ , , ~  are not shown since 
c:,nu!l,l = 0 and c : , ~ , , ~  = 1 for all values of U .  This 
implies that cn,l  cannot be altered by squeezing and so 
should not be included in optimizing the grasp (with 
respect to U ) .  Letting d*  be defined as the maximum, 
minimum element of c:,ndl,2, c : , ~ ) ~ , ~ ,  and c:,,~!,~ over 
all values of U indicates that centering contact 4 between 
contacts 2 and 3 is "optimal." 

B .  Frictionai Strong Force Closure 
To include the effects of friction in the strong 

force closure test, one could proceed as for the form clo- 
sure test by identifying the frictional contacts whose nor- 
mal wrench intensity components can be increased 
without bound. However, this test would only be useful 
for grasps which do not have strong force closure 
without considering friction and do not have form clo- 
sure when including friction, but do have strong force 
closure when friction is considered. Although it has not 

been proven, we suspect that any gmsp which has fric- 
tional strong force closure has frictional form closure. 
Thus, if our suspicions are m e ,  then a test for frictional 
strong force closure would be unnecessary. 

IV. CONCLUSION 
A desire to solve dexterous manipulation planning 

problems has highlighted the need for computational pro- 
cedures for  identifying and quantifying form closure 
grasps. Toward this end, we have developed a linear 
program whose optimal objective value provides a meas- 
ure of how far a grasp is from losing form closure. For 
situations in which i t  would be desirable to maintain 
form closure at all times (e,g., in micro-gravity environ- 
ments), our test would be particularly useful for both 
planning and monitoring grasp "health." To our 
knowledge, our form closure test is the first quantitative 
test valid for any number of contact points. 

We have also derived a second test, binary in 
nature, which one can use to identify frictionless grasps 
of "partial restraint," which we call strong force closure 
grasps. The distinction between form closure and strong 
force closure is important, because while form closure 
grasps can always be maintained (given sufficient hand 
strength), strong force closure grasps cannot. Thus dur- 
ing manipulation planning, if a grasp has form closure, 
one need not be terribly concerned with the external 
wrench applied to the object, whereas otherwise, 
knowledge of the external wrench is crucial. It is also 
important to recognize strong force closure grasps, 
because unlike force closure grasps, their maintenance 
during dexterous manipulation requires some form of 
complaint control. 

It is possible to apply the work presented above to 
optimal grasping in a rather straight forward way, 
exhaustively evaluating a subset of all possible grasps. 
Such an approach would be exceedingly computationally 
intensive and would therefore be of little use in real-time 
grasping and manipulation tasks. One fruitful avenue of 
research would invlolve the development of grasp 
systhesis algorithms which use the quantitative results 
given above, but do not require evaluation of huge 
numbers of' potential grasps. This should be possible by 
applying geometric forms of the necessary and sufficient 
conditions for form closure [9] to large regions (i.e., 
planar faces) of the grasped object. 
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